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Abstract

Cell membranes are crucial to the life of cells and vesicles are important model systems for cell
membranes. In this thesis, we aim to understand shape transformation of vesicles with theoretical
tools from differential geometry and numerical techniques within the framework of level set method.

In Chapter 1, a breify introduction to membrane structure and membrane proteins is given. In
Chapter 2, we introduce the mathemtical language for the description of surfaces and curves. In
Chapter 3, variation for the Hamilton beyond Helfrich model is presented. In Chapter 4, we show
how to discretize geometries of surface and curves with the level set method. A novel high order
scheme for Hamilton-Jacobi equation with level set-defined boundary conditions is developed.
In Chapter 5, we demonstrate accuray of our numerical scheme introduced in Chapter 4 with
numerical experiments. In Chapter 6, we develop a semi-implicit level set method for the dynamics
of single phase vesicles, biphasic vesicles and protine kinetics in three dimensional space. We explore
how different parameters and physical conditions affect shape of vesicles.
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Chapter 1
Introduction

1.1 Membrane Structure and Membrane Proteins
Cells are the fundamental units of all living organisms on earth, ranging from an E coli (Escherichia
coli) of several microns to a blue whale up to 30 meters.1.1 In view of the diversity of forms of life
on our planet, the similarity of fundamental mechanisms across different species is extraordinary.

1.1.1 The Lipid Bilayer
Cell membranes are crucial to the life of cells. Cells are literally packed with membranes. The
most important function of membranes is topological. Membranes, acting as a permeability barrier,
compartmentalize cells into different organelles for different tasks. It is estimated that there are
about 1014 cells in a human being and the total surface of membranes can cover an area of about
100km2 [mouritsen2005life] 1.2. All biological membranes consists of a very thin lipid bilayer (5nm)
and protein molecules, held together mainly by noncovalent interactions. The most abundant
membrane lipids are the phospholipids, which have a polar head group containing a phosphate
group and two hydrocarbon tails with between 14 and 24 carbon atoms. In the physiological state,
typical length of a lipid molecule is 2 nm and cross-sectional area 0.7 nm2. Tails with at least one
unsaturated cis-double bonds have a kink, which makes them shorter and more rigid than saturated
tails. Major lipids in cell membranes include phosphoglycerides, sphingolipids, glycolipids
and cholesterol. Among them, cholesterol takes the most peculiar shape, containing a rigid ring
structure, attached to a single polar hydroxyl group and a short nonpolar hydrocarbon chain.
It is interesting to observe that only negatively charged lipids are used by nature to construct
membranes.

Lipid molecules are amphiphilic, i.e., they have a hydrophilic (water-loving) polar end and
a hydrophobic (water-fearing) nonploar end. They are nature’s own surfactants. The hydrophilic
ends dissolve readily in water because they can form either favorable electrostatic interactions (if
they are charged) or hydrogen bonds (if they are polar and uncharged) with water molecules .
The uncharged and nonpolar ends cannot form energetically favorable interactions with water
molecules and adjacent water molecules are forced into icelike cages surrounding hydrophobic
ends. Those cage structures are more ordered, with lower entropy and assumes higher free energy.
Exposed to water, amphiphilic molecules reorganize themselves to shield their hydrophobic ends
from the water. Depending on their packing parameters1.3 P , they can form either spherical
micelles (P < 1/3), with tails inward, or lamellar bilayers (P = 1), with the hydrophobic tails
sandwiched between the hydrophilic head groups. Line tension on the edge of a phospholipid bilayer
can then seal it into a closed compartment known as an artificial vesicle.

The lipid bilayer is a two dimensional fluid, where lipid molecules can diffuse rapidly in the plane
of the membrane. The fluidity of a lipid bilayer depends on both its composition and temperature.
Lipids with shorter hydrocarbon chains or double bonds are more fluidic as they are more difficult

1.1. The material of this section comes primarily from Chapter 10 of [alberts2014molecular] (the bible of
molecular cell biology) and [mouritsen2005life] (amonograph on lipids). Due to copyright issues, no graph is included
and the reader is referred to the above mentioned texts for more detailed textual and graphical introduction on
membrane structure and membrane proteins.

1.2. In comparison, the campus area of University of Arizona is about 1.5km2 while Wuhan University covers
an area of 3.5km2.

1.3. The packing parameter P of a lipid molecules is defined by P = v/a · l, where v is the volume of the lipid,
a area of the head group, l length of the lipid. The packing parameter is a measure of the compatibility between
the size of the head group and the size of the hydrophobic tail.
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to pack compactly. A synthetic bilayer made from a single type of phospholipid changes from a
Ld (liquid-disordered) phase to a So (solid-ordered) phase at a characteristic temperature, which
is know as thermotropic phase transition. If the bilayer consists of more than one type of
phospholipid, lipid molecules of the same kind tend to attract each other, separating out as a
distinct domain with characteristic physical properties, know as lateral phase separation. Those
segregated domains are termed lipid rafts which can provide specific protein binding and reaction
sites. Since different phases of bilayer domains have different phase transition temperatures, the
transition from a liquid disordered phase to a solid ordered phase now takes place over a range
of temperatures. At a certain temperature, Ld phase and Lo phase can coexist, know as phase
coexistence or phase equilibrium.

Cholesterol is an important modulator of the properties of lipid bilayers. Being an amphiphilic
molecule, cholesterol can be easily incorporated into lipid bilayers with its -OH head group at the
bilayer-water interface and the steroid skeleton inside the hydrophobic core. Mixed with phospho-
lipids, cholesterol spans less than one monolayer leaflet of a typical bilayer and has a remarkable
dual effect on membranes. One the one side, due to its peculiar shape and structure, cholesterol can
not be compactly packed into the solid ordered phase of a lipid bilayer. On the other side, a loose
packing in the liquid disordered phase is not energetically favorable. This frustration is released
by the introduction of a new phase, the Lo (liquid-ordered) phase, first proposed by John Hjort
Ipsen in 1987. On the one hand, lipid chains in the liquid-ordered phase have less conformational
freedom, which makes the lipid bilayer thicker, more grid and less permeable to small water-soluble
molecules. On the other hand, the liquid-ordered phase is still a liquid with considerable positional
disorder and high lateral mobility of the membrane molecules, which is required for membrane
function. Table 1.1 summarizes for different phases of a lipid bilayer the differences in positional
freedom and internal freedom. In addition, the liquid-ordered phase can be stable below the phase
transition temperature and cholesterol thus plays the role of an anti-freeze agent. This ability to
stabilize the liquid ordered phase over a wide range of temperatures is one of the most remarkable
properties of cholesterol.

positional (translational) freedom internal (conformational) freedom
liquid-disordered phase yes yes
liquid-ordered phase yes no
solid-ordered phase no no

Table 1.1. How the liquid-disordered phase, liquid-ordered phase, solid-ordered phase of a lipid bilayer differ
in terms of positional freedom and internal freedom.

1.1.2 Membrane Proteins
Even though there are no genes coding for lipids, more than half of our genes are related to
proteins that are either integral membrane proteins or bind peripherally to membranes. It is those
membrane related proteins that perform most of the membrane’s specific tasks and give each type
of cell membrane its characteristic functional properties. Lipids grease the molecular machine
controlled and run by proteins and DNA.

Membrane proteins can be associated with the lipid bilayer through various molecular inter-
actions. Some of these forces are weak and nonspecific, others can be strong and long-ranged
electrostatic forces. Formation of hydrogen bonds and even chemical bonds may also be involved. A
huge and important class of membrane proteins spans the lipid bilayer with at least one membrane-
spanning domain. The transmembrane part has hydrophobic amino acids interacting with the
hydrophobic tails of the lipid molecule and sometimes hydrophilic or charged amino acids toward
their interior, while outside the membrane water soluble part often carries the functional units of
the proteins. The match of size of the hydrophobic transmembrane region from a membrane protein
and the hydrophobic core of the lipid bilayer could be a way to sort different proteins to different
parts of the membrane. The genes coding for the transmembrane domain of membrane proteins is
one of the evolutionarily most conserved sequence, suggesting a universal lipid-protein interaction
mechanism.
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Membrane proteins are related to many functions of cells, e.g., transport, biochemical signaling,
energy transduction, receptor-ligand interactions, nerve activity. In addition, membrane-bending
proteins can deform bilayers. Some insert hydrophobic protein domains or have an amphiphilic
α helix attached to one monolayer of the lipid bilayer, increasing the area of only one leaflet and
creating a physical stress to bend the membrane. Some coat proteins form rigid scaffolds that
deform the membrane or stabilize an already bent membrane. Some proteins cause membrane lipids
of a specific packing parameter to cluster, locally inducing a particular spontaneous curvature.

Membrane proteins can rotate about an axis perpendicular to the plane of the bilayer (rota-
tional diffusion) and move laterally within the membrane (lateral diffusion). Proteins can also
influence the local structure and composition of the bilayers. On the other hand, physical curvature
stress and lateral stress profile of the lipid bilayers can modulate structure and therefore function
of the proteins. Research on protein-lipid interaction on different scales is still a rapidly developing
field.

1.2 Vesicles : Model Systems for Cell Membranes
Unilamellar liposomes (also know as vesicles) are important model systems for cell membranes.
Vesicles have been used to study membrane bending deformations [seifert1997configurations], lipid
phase separation and phase coexistence [veatch2003separation], protein interaction with biomem-
branes [baumgart2011thermodynamics] and other physical processes on a cellular or subcellular
level. These studies not only help us better understand biological membranes of living cells, but
also provide insights into creating innovative drug delivery systems for treating cancer and other
human diseases [noyhouzer2016ferrocene].

Vesicles have relatively simple lipid compositions and live in a more homogeneous environ-
ment than biomembranes in vivo [harayama2018understanding]. Still, complex shape transitions
can happen by controlling temperature and osmotic pressure [yanagisawa2008shape], by mixing
saturated and unsaturated lipids with cholesterol [baumgart2005membrane], by adding curva-
ture inducing and sensing proteins to its environment [rossman2010influenza]. Remarkably, many
observed vesicle shapes can be numerically computed by minimizing the Helfrich bending energy
[helfrich1973elastic]. The Helfrich Hamiltonian can be generalized and augmented in a variety of ways
to describe different membrane systems and dynamics. For instance, budding transitions of vesicles
can be explained via adding the effect of area-difference elasticity [miao1994budding]. Stomatocyte-
discocyte-echinocyte sequence of the human red blood cell can be numerically obtained when stretch
and shear elasticity of the protein-based cytoskeleton is included [hw2002stomatocyte]. Shape
transformations of vesicles with intramembrane domains can be captured by taking into account
domain boundary energy [julicher1996shape]. Tank-treading of vesicles under shear flow is observed
in simulation when vesicle deformation is coupled with hydrodynamic effects [biben2005phase].
More recently, endocytosis is studied where membrane shape transformation is affected by mem-
brane protein kinetics [lowengrub2016numerical].

1.3 Structure of Thesis
Despite all of the efforts, it remains challenging to accurately simulate general lipid bilayers
dynamics, which can involve lateral inhomogeneity in lipid composition, protein interaction and
topological shape changes. One reason lies in the fact that bending forces for soft surfaces involve
up to fourth order derivatives of the surface position, which can be difficult to compute convergently
[guckenberger2016bending]. In addition, lipid bilayers can pinch off and fuse in important cel-
lular events such as endocytosis, viral escaping and nerve signal transduction. Topological changes
in those processes present difficulty to numerical handling due to presence of singularities. More-
over, membrane functions usually depend on formation of chemically and physically distinct local
regions called lipid rafts [lingwood2010lipid], which maintain quite unique chemical compositions
and physical properties. An universal physical principle and mathematical description for the
interplay between membrane lateral inhomogeneity represented as lipid rafts and membrane geom-
etry dynamics on a mesoscale is still lacking.
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In this thesis, we aim to address some of the theoretical and numerical problems mentioned
above. In Chapter 2, we give a brief introduction to the tensor language used to describe surfaces
and curves. In Chapter 3, we then calculate bending forces of a membrane with locally varying
bending moduli and line forces for a general phase boundary energy. Next, in Chapter 4, we
give a concise introduction to the level set framwork. Numerical discretizations of surface and
curve geometries are presented. Dynamical equations governing motion of surfaces and curves are
presented. What’s more, we develop a novel sixth-order accurate numerical scheme for Sussman’s
reinitialization equation and other Hamilton-Jacobi equations with a level set defined boundary
condition. In Chapter 5, numerical experiments verifying our sixth order accurate schemes are
presented. In particular, we show how to reinitialize the level set function, extend a scalar field
away from the level surface and compute geodesics on the level surface with sixth order accuracy.
It is important to note that we can thus compute bending forces of the Helfrich model with second
order accuracy. In Chapter 6, partial differential equations governing shape dynamics of single and
biphasic vesicles with and without protein interaction are presented. We explore effects of different
parameters on shape of vesicles.

Even though there have been numerous studies in this area, our development is unique in several
aspects. First, the vesicle membrane is assumed to be nonuniform and the resulting bending forces
will have nontrivial tangential components. Second, a general Hamiltonian for phase boundary
line energy is proposed and its variation with respect to position is calculated. Third, we adopt a
highly accurate numerical scheme developed in [zhang2020sixth] to calculate bending forces with
second order accuracy. Fourth, an adaptive semi-implicit scheme for the dynamical equation is
presented. We make no assumptions on symmetry of the system and our simulation is carried out
in fully three dimensional space.

12 Introduction



Chapter 2

The Tensor Description of Embedded Sur-
faces and Curves

In this thesis, we treat vesicles as infinitely thin two dimensional surfaces embedded in three
dimensional space, as is shown in Figure 2.1. This simplification can be justified by the fact that
vesicle thickness (about 5 nm) is negligible compared compared with its size (several microns). In
this chapter, we introduce necessary mathematical background on the tensor description of surfaces
and curves, which are adopted from Pavel Grinfeld’s textbook [grinfeld2013introduction] and are
used throughout this thesis. We first introduce notations for the Euclidean space embedding
surfaces and curves. Then we explain how to describe geometries of surfaces and curves in the
tensor language.

Figure 2.1. A two dimensional surface R(Z(S)) embedded in a three dimensional space.

13



2.1 Euclidean Space

2.1.1 Tangent Space and Metrics of Euclidean Space
The physical space embedding surfaces and curves is a three dimensional Euclidean space with some
arbitrary coordinates Z i, i∈ {1, 2, 3}, where the following convention about Latin indices are used

Convention 2.1. Latin letters i, j , k will be used to denote indices for the three dimensional
Euclidean space.

The position vector R depends on coordinate Z (where contravariant indices i are ignored
to simplify notation) in a continuous fashion and R(Z) are assumed to have as many orders of
derivatives as we please with respect to Z. Then, at each point R, space coordinate vectors
Zi≡ ∂R/∂Z i span a linear space. The components of the position vector generally varies from
point to point R=RiZi, where the following convention about repeated indices are used

Convention 2.2. Einstein summation convention is assumed in this thesis.

The space metric tensor is Zij=Zi ·Zj and its inverse is defined by Z ijZjk= δk
i , where δki is

the Kronecker delta. The determinant of Zij is denoted as Z. In the special case of a Euclidean
space, the Christoffel symbols can be defined in an extrinsic way

�ij
k =Zk · ∂Zi

∂Z j =�Zi ·
∂Zk

∂Zj , (2.1)

and thus derivatives of coordinate vectors can be written as
∂Zi
∂Z j

= �ij
kZk, (2.2)

∂Zk

∂Z j
= ��ijkZk. (2.3)

2.1.1.1 Covariant Derivative and its Metrilinic Property

By definition, the covariant derivatives ∇i of the contravariant components V j and covariant
components Vj of a vector V =V jZj=VjZ j are

∇iVj =
∂Vj
∂Z i ��ij

kVk (2.4)

∇iV j =
∂V j

∂Z i +�ik
j V k (2.5)

With this definition, it can be shown that the covariant derivatives of metrics are all zero. Indeed,

∇iZj =
∂Zj
∂Z i

��ijkZk=0 (2.6)

∇iZ j =
∂Z j

∂Z i +�ik
jZk=0 (2.7)

Since all covariant derivatives of coordinate vectors vanish, it is easy to conclude that any tensor
formed from Zi,Z j have vanishing covariant derivatives. In particular, the following metrics have
vanishing covariant derivatives

Zij = Zi ·Zj (2.8)
Z ij = Zi ·Z j (2.9)
δj
i = Zi ·Zj (2.10)

δrs
ij =

∣∣∣∣∣∣∣∣∣∣
δr
i δs

i

δr
j δs

j

∣∣∣∣∣∣∣∣∣∣= δr
iδs
j � δsiδr

j. (2.11)

δrst
ijk =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

δr
i δs

i δt
i

δr
j δs

j δt
j

δr
k δs

k δt
k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= δr

iδst
jk� δsiδrt

jk+ δt
iδrs
jk (2.12)
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2.1.1.2 Determinants and Kronecker Delta

Consider a system of a j
i , i, j=1· · ·3. The determinant A of a j

i is defined as

|a ·· |= eijka i
1 a j

2 a k
3 =

1
3!
eijkersta i

r a j
s a k

t , (2.13)

where eijk is the permutation symbol and we have

eijka i
r a j

s a k
t = |a ·· | erst (2.14)

ersterst=3!. (2.15)

With the relation between the permutation symbol and the Delta symbol

δrst
ijk≡ eijkerst, (2.16)

we can rewrite Eqs. (2.13-2.15) as

|a ·· |=
1
3!
δrst
ijka i

r a j
s a k

t (2.17)

δlmn
ijk a i

r a j
s a k

t = |a ·· |δlmn
rst , (2.18)

δijk
ijk=3!. (2.19)

The above definition and relation can be generalized to D≥ 3 dimensions,

|a ·· |=
1
D!
δj1· · ·jD
i1· · ·iDa i1

j1 · · ·a iD
jD (2.20)

(D� k+1)δj1· · ·jk�1
i1· · ·ik�1= δj1· · ·jk�1ik

i1· · ·ik�1ik. (2.21)

2.1.2 Relative Tensor and the Levi-Civita Tensor

Definition 2.3. A tensor T j
i is called a relative tensor of weight M if it changes according to the

rule
T j ′
i′ =JMT j

iJ i
i′ J j ′

j

where J= |J ·′· | is the determinant of the Jacobian J i′
i =∂Z i/∂Z i′ when we change from an unprimed

coordinate Z i to a primed coordinate Z i′.

Under a transformation from an unprimed coordinate Z i to a primed coordinate Z i′, the
coordinate vector Zi, space metric tensor Zij and its determinant Z transforms as

Zi′=
∂R
∂Z i

∂Z i

∂Z i′
=ZiJ i′

i (2.22)

Zi′ j ′=ZijJ i′
i J j ′

j (2.23)

Z ′= J2Z. (2.24)

Thus the determinant of the metric tensor is a relative tensor of weight 2. If J >0, the coordinate
change preserves orientation and the volume element Z

√
is then a relative tensor of weight 1:

Z ′
√

= J Z
√

. (2.25)

In Euclidean space, we can always take the unprimed coordinate to be the Cartesian coordinate,
and Z =1. Thus,

Z ′
√

= J. (2.26)
From Eq. (2.14), we have

eijkJ i′
i J j ′

j J k ′
k = Jei′j ′k ′ (2.27)

eijkJ i
i′ J j

j ′ J k
k ′ = J�1ei

′j ′k ′, (2.28)
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which gives

ei′j ′k ′ = J�1eijkJ i′
i J j ′

j Jk (2.29)

ei
′j ′k ′ = JeijkJ i

i′ J j
j ′ J k

k ′ . (2.30)

Therefore, the permutation symbol eijk is a relative tensor of weight minus one and the permutation
symbol eijk is a relative tensor of weight plus one. We can form absolute tensors out of relative
tensors by multiplying volume element to add weight to or subtract weight from relative tensors.
For example, the Levi-Civita symbols are absolute tensors defined by

εijk =
eijk

Z
√ (2.31)

εijk = Z
√

eijk. (2.32)

In the next section, we shall see that the Levi-Civita symbols in two dimensional space are defined
in a similar spirit.

2.2 Surfaces Embedded in Euclidean Space

2.2.1 Tangent Space, Metrics and Normal Space of Embedded Surfaces
Mathematically, a two dimensional surface embedded in the three dimensional Euclidean space
can be represented as a mapping from R2 to R3: Z(S): (S1, S2)→ (Z1, Z2,Z3) where Sα,α∈{1,2}
and Z i, i∈ {1, 2, 3} parametrize the surface and the ambient space respectively.

Convention 2.4. Greek letters α, β , γ will be used to denote indices for the embedded surfaces.

Note that Z i can be arbitrary curvilinear coordinates. Since the position of the coordinate Z
is R(Z), the surface may also be written as

R(S) =R(Z(S)). (2.33)

All of the geometrical information for the surface is encoded in the mapping R(S). The surface
coordinate vectors Sα are defined as

Sα≡
∂R
∂Sα

=
∂Z i

∂Sα
∂R
∂Z i

=Zα
iZi (2.34)

where Zαi ≡ ∂Z i/∂Sα are called shift tensors, since it shifts coordinate vectors Zi in ambient
space to the tangent space of the surface spanned by {Sα}. Physically, the shift tensor Zαi represent
ambient components of surface coordinate vectors. For a vector V = V αSα living in the tangent
space of the surface, its ambient components are V i=V ·Zi=V αZα

i . Thus Zαi also shifts indices
from tangent space of the surface to ambient Euclidean space. The surface metric tensor is

Sαβ≡Sα ·Sβ=ZijZα
iZβ

j (2.35)
and its inverse is defined from

SαβSβγ= δγ
α. (2.36)

Sαβ can lower indices of a tensor while Sαβ can raise indices. For instance, multiplying Eq. (2.35)
by Sβγ gives

Sα ·Sγ=Zα
iZi

γ= δα
γ. (2.37)

The determinant of the metric tensor is

S=
1
2!
eαβeµνSαµSβν (2.38)

where eαβ is the permutation symbol. The surface Levi-Civita tensor is defined as

εαβ = S
√

eαβ (2.39)

εαβ =
eαβ

S
√ . (2.40)

16 The Tensor Description of Embedded Surfaces and Curves



The area element is
|S1×S2|= S

√
, (2.41)

which can be derived from

S1×S2 = εijkZ1
jZ2

kZi=
1
2!
εijkeαβZα

jZβ
kZ i

=
S

√

2!
εijk(εαβ)Zα

jZβ
kZ i=

S
√

2!
εijkεαβZj

αZk
βZi (2.42)

and

|S1×S2|2 =
S

√

2!
εimnεµνZµ

mZν
n S
√

2!
εijkεαβZj

αZk
β=

S
4
δimn
ijk δαβ

µνZµ
mZν

nZj
αZk

β

=
S
4
δmn
jk δαβ

µνZµ
mZν

nZj
αZk

β=
S
4
(δm
j δn

k� δn
jδm
k )δαβ

µνZ µ
mZν

nZj
αZk

β

=
S
4
(δαβ
µνZµ

mZν
nZm

αZn
β� δαβ

µνZµ
mZν

nZn
αZm

β )=
S
4
(δαβ
µνδµ

αδν
β� δαβ

µνδµ
βδν
α)

=
S
4
(δµν
µν� δνµ

µν)=
S
2
δµν
µν=S. (2.43)

The unit normal N =NiZ i is
N =

S1×S2
|S1×S2|

, (2.44)

which can also be written in a component form with shift tensors

Ni =
1
2!
εijkεαβZα

jZβ
k, (2.45)

where εijk is the three dimensional Levi-Civita symbol. The orthogonal relations N ·Sα=0
then translates to

NiZα
i =0. (2.46)

In figure 2.1, {S1,S2,N } forms a right handed coordinate for the surface and we have the com-
pleteness relation

N ⊗N +Sα⊗Sα= 1(3), (2.47)

where ⊗ is the tensor product operator and 1(n) represents the identity matrix in n dimensional
space. The corresponding component form is

NjN i+Zj
αZα

i = δj
i (2.48)

N iN j+ZαjZα
i = Z ij. (2.49)

2.2.2 Covariant Derivative and its Metrilinic Property
Due to the embedding in a Euclidean space, the surface Christoffel symbol �βγα can be defined
in an extrinsic manner

�βγ
α =Sα · ∂Sβ

∂Sγ
=�Sβ ·

∂Sα

∂Sγ
, (2.50)

which can be related to ambient Christoffel symbols �jki

�βγ
α =Zj

α∂Zβ
j

∂Sγ
+�jk

i Zi
αZβ

jZγ
k. (2.51)

The surface Christoffel symbols can also be defined in an intrinsic way

�βγ
µ =

1
2
Sµα

(
∂Sαβ
∂Sγ

+
∂Sαγ
∂Sβ

� ∂Sβγ
∂Sα

)
. (2.52)

The surface covariant derivatives ∇α of the surface components of a vector V =V αSα=VαSα

living in the tangential space are thus

∇αV β =
∂V β

∂Sα
+�αγ

β V γ (2.53)

∇αVβ =
∂Vβ
∂Sα

��αβ
γ Vγ. (2.54)
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The covariant derivative∇α is identity to the partial derivative ∂α when applied to a scalar. Indeed,

∇γT =
∂(T iZi)
∂Sγ

=
∂T i

∂Sγ
Zi+T i

∂Zi
∂Sγ

=
∂T i

∂Sγ
Zi+T i

∂Zi

∂Zj

∂Z j

∂Sγ

=
∂T i

∂Sγ
Zi+T i�ij

kZkZγ
j=

(
∂T i

∂Sγ
+�kj

i Zγ
jT k

)
Zi (2.55)

∇γT =
∂(TiZ i)
∂Sγ

=
∂Ti
∂Sγ

Zi+Ti
∂Z i

∂Sγ
=
∂Ti
∂Sγ

Zi+Ti
∂Zi

∂Zj

∂Z j

∂Sγ

=
∂Ti
∂Sγ

Z i�Ti�jki ZkZγ
j=

(
∂Ti
∂Sγ

��jikZγ
jTk

)
Z i. (2.56)

Thus, the surfaces covariant derivatives of the spatial components of a vector T =T iZi=TiZ i are

∇γT i =
∂T i

∂Sγ
+�kj

i Zγ
jT k (2.57)

∇γTi =
∂Ti
∂Sγ

��ijkZγ
jTk. (2.58)

On the other hand,

∇γT =
∂T
∂Z i

∂Z i

∂Sγ
=Zγ

i∇iT =Zγ
i∇iT jZj. (2.59)

Thus, we have the chain rule

∇γT i = Zγ
j∇jT i (2.60)

∇γTi = Zγ
j∇jTi. (2.61)

With those definitions, it can be shown that surface covariant derivatives of both surface metrics
and space metrics vanishes

∇γSαβ,∇γSαβ ,∇γS = 0 (2.62)
∇γεαβ ,∇γεaβ = 0 (2.63)

and with the chain rule

∇γZi,∇γZi = 0 (2.64)
∇γZij ,∇γZ ij = 0 (2.65)
∇γεijk,∇γεijk = 0 (2.66)

∇γδj
i,∇γδrs

ij,∇γδrst
ijk = 0. (2.67)

Remark 2.5. With the metrilinic property, we can adjust freely position of repeated indices within
the covariant derivative operators.

2.2.3 Curvature Tensor
The information about curvature of a surface is encoded in the manner how the tangent space and
normal space varies as we move from one point to another on the surface. Mathematically, it is
encoded in ∇αSβ and ∇αN . Indeed, the curvature tensor can be defined as

Bαβ ≡ N ·∇αSβ=N ·∇α(Zβ
iZi)=N · (∇αZβ

iZi) =Ni∇αZβ
i

= �Sβ ·∇αN =�ZβiZi ·∇α(NjZ j) =�Zβi∇αNi. (2.68)

Note that since ∇αN = ∂αN , we have

Bαβ=�Sβ · ∂αN =N · ∂αSβ=N · ∂α∂βR (2.69)

and therefore Bαβ=Bβα. Since Sα and N spans a complete basis, the following decomposition
follows

∂Sα
∂Sβ

=
∂Sα
∂Sβ

· (SγSγ+NN )=�αβ
γ Sγ+BαβN (2.70)

∂Sα

∂Sβ
=

∂Sα

∂Sβ
· (SγSγ+NN )=��βγαSγ+Bβ

αN . (2.71)

18 The Tensor Description of Embedded Surfaces and Curves



We therefore have the Weingarten’s Formula in vector notation

∇αN = ∇αN · (SβSβ+NN) =�Bα
βSβ (2.72)

∇βSα =
∂Sα
∂Sβ

��αβ
γ Sγ=BαβN (2.73)

∇βSα =
∂Sα

∂Sβ
+�βγ

αSγ=Bβ
αN , (2.74)

whose component form gives

∇αN i = �ZβiBα
β (2.75)

∇αZβ
i = N iBαβ. (2.76)

The only two scalar invariants of the curvature tensor is its trace tr(B) and determinant det(B),
which are also known as the mean curvature KM and Gaussian curvature K for the surface.
Indeed,

KM ≡ tr(B)=Bα
α=SαβBαβ (2.77)

K ≡ det(B) = 1
2!
δµν
αβBα

µBβ
ν=

1
2
(Bα

αBβ
β�Bα

βBβ
α)

=
1
2
(SαµSβν �SανSβµ)BαµBβν=

1
2
εαβεµνBαµBβν , (2.78)

where we used a very useful relation between the Levi-Civita tensor and metric tensor in two
dimensional space

SαµSβν �SανSβµ= εαβεµν. (2.79)

Convention 2.6. The mean curvature is defined such that the mean curvature of the unit sphere
is �2.

2.2.4 The Gaussian Curvature and Riemann Curvature Tensor in 2D
The Gaussian curvature K is completely intrinsic and can be defined independent of how the
surface is embedded. Actually, the Gaussian curvature is the only invariant of the Riemann
curvature tensor in two dimensional space. The Riemann curvature tensor Rγδαβ is defined by

[∇α,∇β]Tγ=RγδαβT δ, (2.80)
which gives the explicit form

Rγδβα≡
∂�γ ,αδ
∂Sβ

� ∂�γ ,βδ
∂Sα

+�βδ
ω�ω,γα��αδω �ω,γβ. (2.81)

The following symmetric properties hold for the Riemann curvature tensor Rαβµν.

i. Anti-symmetry of (α, β) and (µ, ν)

Rαβµν=�Rβαµν , Rαβµν=�Rαβνµ (2.82)

ii. The first Bianchi identity

Rαβµν+Rανβµ+Rαµνβ=0 (2.83)

iii. Symmetry of (α, β) and (µ, ν)
Rαβµν=Rµναβ. (2.84)

Let us count the number of degree of freedom of the Riemann curvature tensor Rαβµν in D
dimensional space. Due to Eq. (2.82), there are M =D(D�1)/2 ways of choosing nontrivial pairs
of (α, β) and (µ,ν). Due to Eq. (2.84), there areM+M(M �1)/2=M(M +1)/2 ways of choosing
pairs of (a, b ) and (c, d). In addition, Eq. (2.83) imposes D(D� 1)(D� 2)(D� 3)/4! constraints.
Thus, the number of independent degree of freedom is

1
2
M(M +1)� D(D� 1)(D� 2)(D� 3)

4!
=
D2(D2� 1)

12
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If D=2, there is only one degree of freedom. Thus, in 2D, tensors satisfying symmetric properties
of the Riemann curvature tensor must differ only by the multiplication of a scalar invariant. One
can verify that Eqs. (2.82-2.84) hold for both εαβεµν and SαµSβν �SανSβµ and the proportional
constant between them is 1 by taking α= µ=1, β= ν =2, which gives Eq. (2.79). The Gaussian
curvature K can then be defined as the multiplication constant between the Riemann curvature
tensor and εαβεµν (or SαµSβν �SανSβµ):

Rαβµν=Kεαβεµν=K(SαµSβν �SανSβµ), (2.85)

and

K =
R1212
S

=
1
4
εαβεγδRγδαβ=

1
2
SγαSδβRγδαβ. (2.86)

To show the consistence between the extrinsic determinant definition Eq. (2.78) and the intrinsic
definition Eq. (2.86), we need a Remarkable theorem, Gauss’s Theorema Egregium.

2.2.5 Gauss-Codazzi equation and Gauss’s Theorema Egregium
Applying the definition Eq. (2.80) for the Riemann curvature tensor to the tangent vector Sγ gives
the Gauss-Codazzi equation

[∇α,∇β]Sγ=RγδαβSδ, (2.87)

whose explicit form is

(∇αBβγ�∇βBαγ)N +(BαγBβδ�BβγBαδ)Sδ=RγδαβSδ. (2.88)

The normal component of Eq. (2.88) leads to the Codazzi equation

∇αBβγ=∇βBαγ , (2.89)

which shows that∇αBβγ is fully symmetric with respect to its indices. The tangential component of
Eq. (2.88) gives us the Gauss’s Theorema Egregium (translated from Latin as the Remarkable
theorem)

BαγBβδ�BβγBαδ=Rγδαβ. (2.90)

With Eq. (2.90), it is obvious that Eq. (2.78) and Eq. (2.86) gives the same definition for the
Gaussian curvature. Equivalent forms of Eq. (2.90) are also used:

BαγBβδ�BβγBαδ=Kεγδεαβ (2.91)

Bα
γBβ

δ �Bβ
γBα

δ =Kδαβ
γδ , (2.92)

whose contraction of γ ,α and δ , β gives

KMBβ
δ �BβαBαδ =Kδβ

δ (2.93)

(KM)2�BβαBα
β=2K (2.94)

2.2.6 Differential Operators in Space and Surface
The full gradient operator ∇ is

∇=Z i∇i=Zi∇i, (2.95)

which can be decomposed into a normal component and a tangential component:

∇=(NN +SαSα) ·∇=N
∂
∂N

+Sα∇α=N
∂
∂N

+∇‖, (2.96)

where ∂/∂N is the directional derivative in N direction

∂
∂N

≡N ·∇=N i∇i, (2.97)
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and we used the chain rule

Sα ·∇=(Sα ·Z i)∇i=Zα
i∇i=∇α. (2.98)

The surface gradient operator ∇‖ is defined as

∇‖≡Sα∇α=∇�N
∂
∂N

. (2.99)

The component form of Eq. (2.96) is

∇j=(NjN i+Zj
αZα

i )∇i=NjN i∇i+Zj
α∇α. (2.100)

The surface gradient of a scalar field F restricted to the surface is

∇‖F =Sα∇αF =∇F �N ∂F
∂N

=Zi(∇iF �NiNj∇jF ) (2.101)

The surface divergence of a vector field F =FαSα+FN =F iZi is

∇‖ ·F = Sα ·∇αF =Sα ·∇α(F βSβ+FN )=∇αFα�KMF

= ∇ ·F �N · ∂F
∂N

=∇iF i�NiN j∇jF i. (2.102)

Applying Eq. (2.102) to F =N , we have

∇ ·N =∇‖ ·N =�KM , (2.103)

where we usedN ·∂N /∂N =0. Eq. (2.103) is also a frequently used definition for mean curvature.
The Laplace-Beltrami operator (Laplacian on surface) of a scalar field F is

∆‖F = ∇‖ ·∇‖F =Sα ·∇α(Sβ∇βF ) =Sα ·Sβ(∇α∇βF )+ (Sα ·∇αSβ)∇βF =∇α∇αF

=

(
∇�N ∂

∂N

)
·
(
∇F �N ∂F

∂N

)

= ∇ ·
(
∇F �N ∂F

∂N

)
�
(
N

∂
∂N

)
·
(
∇F �N ∂F

∂N

)

= ∆F �∇ ·N ∂F
∂N

�N ·∇ ∂F
∂N

�N · ∂(∇F )
∂N

+N · ∂
∂N

(
N
∂F
∂N

)

= ∆F +KM
∂F
∂N

� ∂2F
∂N2

�N · ∂(∇F )
∂N

+N ·
(
N
∂2F
∂N2

+
∂N
∂N

∂F
∂N

)

= ∆F +KM
∂F
∂N

� ∂2F
∂N2 �N · ∂(∇F )

∂N
+
∂2F
∂N2

= ∆F +KM
∂F
∂N

�N · ∂(∇F )
∂N

= ∆F +KM
∂F
∂N

�N iN j∇j∇iF

= ∇i∇iF +KMN j∇jF �N iN j∇j∇iF. (2.104)

2.3 Curves Embedded in Surface

2.3.1 Metrics and Covariant Derivatives
In Figure 2.1, the boundary of an open patch of surface P is denoted by ∂P , which is an embedded
curve on the surface. Mathematically, this curve can be represented as a mapping from R to R3

through composition of S(U):UΦ→Sα and Z(S):Sα→Z i, where UΦ,Φ=1 is the contravariant
curve coordinate.

Convention 2.7. Capital Greek letters Φ,Ψ will be used to denote curve indices.
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We may also write the curve as R(U)=R(Z(S(U))). Similar to embedded surfaces, the curve
coordinate vector is

UΦ=
∂R
∂UΦ

=
∂R
∂Z i

∂Z i

∂UΦ
=ZiZΦ

i (2.105)

=
∂R
∂Sα

∂Sα

∂UΦ
=SαSΦ

α=ZiZα
iSΦ

α, (2.106)

where the shift tensor SΦα≡ ∂Sα/∂UΦ and ZΦi ≡∂Z i/∂UΦ. The covariant metric tensor is

UΦΨ=UΦ ·UΨ=SαβSΦ
αSΨ

β, (2.107)
and it inverse is defined by

UΦΨUΨΩ= δΩ
Φ, (2.108)

which is
Sα
ΦSΨ

α= δΨ
Φ. (2.109)

The determinant of the metric tensor is

U = eΦeΨUΦΨ, (2.110)

where eΦ is the one dimensional permutation symbol and is therefore always equal to one. The
curve Christoffel symbol is defined intrinsically as

�ΦΨ
Θ =

1
2
UΘΩ

(
∂UΩΦ
∂UΨ

+
∂UΩΨ
∂UΦ

� ∂UΦΨ
∂UΩ

)
, (2.111)

which is equivalent to an extrinsic definition

�ΦΨ
Θ =

∂UΦ
∂UΨ

·UΘ=�∂U
Θ

∂UΨ
·UΦ. (2.112)

With this definition, we find
∇ΩUΦΨ,∇ΩUΦΨ,∇ΩU =0. (2.113)

The curve Christoffel symbol is related to the surface Christoffel symbol by the equation

�ΦΨ
Ω =�βγ

αSα
ΩSΦ

βSΨ
γ +

∂SΦ
α

∂UΨ
Sα
Ω. (2.114)

The curve covariant derivatives of the components of curve vector T =TΦUΦ=TΦUΦ are

∇ΘTΦ =
∂TΦ

∂UΦ
+�ΘΩ

Φ TΩ (2.115)

∇ΘTΦ =
∂TΦ
∂UΘ

��ΘΦΩ TΩ. (2.116)

Note that since

∇ΘT =
∂T
∂UΘ

=
∂Sα

∂UΘ

∂T
∂Sα

=SΘ
α∇αT , (2.117)

chain rule still holds:

∇Θ=SΘ
α∇α. (2.118)

To compute the curve covariant derivatives of the components of a surface vector T =TαSα=TαSα,
we first compute

∇ΘT =
∂T
∂UΘ

=
∂(TαSα)
∂UΘ

=
∂Tα

∂UΘ
Sα+Tα

∂Sα
∂UΘ

=
∂Tα

∂UΘ
Sα+TαSΘ

β ∂Sα
∂Sβ

=
∂Tα

∂UΘ
Sα+TαSΘ

β(�αβ
γ Sγ+BαβN) =

(
∂T γ

∂UΘ
+TαSΘ

β�αβ
γ

)
Sγ+TαSΘ

βBαβN (2.119)

∇ΘT =
∂T
∂UΘ

=
∂(TαSα)
∂UΘ

=
∂Tα
∂UΘ

Sα+Tα
∂Sα

∂UΘ
=
∂Tα
∂UΘ

Sα+TαSΘ
β ∂Sα

∂Sβ
N

=
∂Tα
∂UΘ

Sα+TαSΘ
β(Bβ

αN ��βγαSγ)=

(
∂Tγ
∂UΘ

�TαSΘ
β�βγ

α

)
Sγ+TαSΘ

βBβ
αN . (2.120)
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On the other hand, we should be able to write

∇Θ(TαSα) = ∇ΘTαSα+TαSΘ
β∇βSα=∇ΘTαSα+TαSΘ

βBαβN (2.121)
∇Θ(TαSα) = ∇ΘTαSα+TαSΘ

β∇βSα=∇ΘTαSα+TαSΘ
βBβ

αN . (2.122)

Thus by comparison,

∇ΘT γ ≡
∂T γ

∂UΘ
+TαSΘ

β�αβ
γ (2.123)

∇ΘTγ ≡
∂Tγ
∂UΘ

�TαSΘ
β�βγ

α . (2.124)

Similarly, to compute the curve covariant derivatives of the components of a space vector T =
T iZi=TiZi, we first compute

∇ΘT =
∂T
∂UΘ

=
∂(T iZi)
∂UΘ

=
∂T i

∂UΘ
Zi+T i

∂Zi
∂UΘ

=
∂T i

∂UΘ
Zi+T i

∂Z j

∂Sα
∂Sα

∂UΘ

∂Zi
∂Z j

=
∂T i

∂UΘ
Zi+T iZα

jSΘ
α�ij

kZk=

(
∂T k

∂UΘ
+T iZα

jSΘ
α�ij

k

)
Zk (2.125)

∇ΘT =
∂T
∂UΘ

=
∂(TiZi)
∂UΘ

=
∂Tk
∂UΘ

Zk+Ti
∂Z i

∂UΘ
=
∂Tk
∂UΘ

Zk+Ti
∂Zj

∂Sα
∂Sα

∂UΘ

∂Zi

∂Zj

=
∂Tk
∂UΘ

Zk�TiZα
jSΘ

α�jk
i Zk=

(
∂Tk
∂UΘ

�TiZα
jSΘ

α�jk
i

)
Zk. (2.126)

Thus,

∇ΘT k =
∂T k

∂UΘ
+T iZα

jSΘ
α�ij

k (2.127)

∇ΘTk =
∂Tk
∂UΘ

�TiZα
jSΘ

α�jk
i . (2.128)

The metrilinic properties follows easily from chain rule.

∇ΘZi,∇ΘZi = 0 (2.129)
∇ΘZij ,∇ΘZ ij ,∇ΘZ = 0 (2.130)
∇Θδj

i,∇Θδrs
ij ,∇Θδrst

ijk = 0. (2.131)

The covariant derivatives of surface metrics vanishes except for surface coordinate vectors.

∇ΘSα = SΘ
β∇βSα=SΘ

βBβαN (2.132)
∇ΘSα = SΘ

β∇βSα=SΘ
βBβ

αN (2.133)
∇ΘSαβ ,∇ΘSαβ,∇ΘS = 0 (2.134)

∇Θεαβ ,∇Θεαβ = 0. (2.135)

2.3.2 Levi-Civita Symbols and Invariant Derivatives
The curve Levi-Civita symbols are defined similarly

εΦ= U
√

eΦ, εΦ=
eΦ

U
√ . (2.136)

Since there is only one element in UΦΨ, U11=U ,U11=1/U and it is trivial to write

eΦUΦΨ = UeΨ (2.137)
eΦUΦΨ = U�1eΨ (2.138)
εΦεΨ = UΦΨ (2.139)
εΦεΨ = UΦΨ (2.140)
εΦεΨ = δΨ.

Φ (2.141)
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Just like the surface gradient operator ∇‖≡Sα∇α, we can form an invariant derivative ∇s along
the curve by contraction of curve Levi-Civita tensor and the curve covariant gradient:

∇s≡ εΦ∇Φ (2.142)

and

∇s
2≡ (εΦ∇Φ)(εΨ∇Ψ)=∇Φ∇Φ. (2.143)

Conversely the covariant curve derivative is related to the invariant derivative by

∇Φ = εΦ∇s. (2.144)

2.3.3 Darboux Frame
Now, the invariant unit tangent of the curve can be defined as

t = εΦUΦ= εΦ∇ΦR=∇sR
= εΦSΦ

αSα=∇sSαSα
= εΦZΦ

iZi=∇sZ iZi. (2.145)

The contravariant components of t= tαSα= tαSα are

tα = t ·Sα=∇sSα= εΦSΦ
α (2.146)

tα = t ·Sα=∇sSα. (2.147)

The space components of t= tiZi are

ti= t ·Z i=∇sZ i= εΦZΦ
i . (2.148)

The following relations are trivial results of the definition for t:

UΦ = εΦt (2.149)
SΦ
α = εΦtα (2.150)

ZΦ
i = εΦti. (2.151)

The unit normal n within the surface is defined as the two dimensional cross product of t.

Definition 2.8. In general, in D dimension, the cross product involves (D� 1) vectors U(1)
i , · · ·,

U(D�1)
i and the component Vi of the resulting cross product is

Vi= εij1· · ·jD�1U(1)
j1 . . .U(D�1)

jD�1 . (2.152)

With the definition Eq. (2.152) for the general cross product, the two dimensional cross product
of t is

n=nαSα= εαβtβSα. (2.153)

The components of n in surface and space are

nα = Sα ·n= εαβtβ= εαβ∇sSβ= εαβεΦSΦ
β (2.154)

nα = Sα ·n= εαβtβ= εαβ∇sSβ (2.155)
ni = Zi ·n=nαZα

i = εαβtβZα
i . (2.156)

Along ∂P , {t,N ,n} forms an orthonormal coordinate systems known as the Darboux frame.
The orthonormality of t and n can be seen from

t · t= tαtα= εΦUΦ · εΨUΨ= εΦεΨUΦΨ=UΦΨUΦΨ=1 (2.157)

n ·n=nαnα= εαβtβεαγtγ= δαγ
αβtβtγ= δγ

βtβtγ= tβtβ=1 (2.158)

t ·n= tαnα= tαnα= tαεαβtβ=0. (2.159)
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The completeness relation takes a special form in the Darboux frame

t⊗ t+N ⊗N +n⊗n= 1(3). (2.160)
whose component form is

titj+ninj+N iNj = δj
i (2.161)

titj+ninj+N iN j = Z ij. (2.162)

Within the surface, we have the completeness relation

Sα⊗Sα= t⊗ t+n⊗n= 1(2), (2.163)
whose component form is

tαtβ+nαnβ = δβ
α (2.164)

tαtβ+nαnβ = Sαβ. (2.165)

The decomposition of the coordinate vector Sα and Zi in the Darboux frame is

Sα = tαt+nαn (2.166)

Zi = tit+nin+NiN . (2.167)

The invariant operator ∇s is the directional derivative along t:

∇s= εΦ∇Φ= εΦ∇ΦSα∇α= tα∇α= t ·∇ (2.168)

The directional derivative along n is denoted by ∇⊥:

∇⊥≡n ·∇=nα∇α. (2.169)

The surface derivative ∇α can be decomposed into derivatives along the tangential and normal
direction

∇α = (nβnα+ tβtα)∇β=nαnβ∇β+ tαtβ∇β=nα∇⊥+ tα∇s. (2.170)

The decomposition of the space derivative ∇ in the Darboux frame is

∇=(tt+NN +nn) ·∇= t∇s+N
∂
∂N

+n∇⊥. (2.171)

2.3.4 Curve Curvature
Rate of changes of the Darboux frame as we move along the curve gives curvature of the curve.
Unlike surfaces, curves are intrinsically Euclidean and have no intrinsic curvature. All curvatures
of curves are extrinsic and depend explicitly on the embedding manner. The rate of change of the
Darboux frame is

∇st = ∇s(tαSα)=∇stαSα+ tα∇sSα=∇stα(tαt+nαn) + tα∇sSβ∇βSα
= nα∇stαn+ tαtβBαβN ≡ kgn+ knN (2.172)

∇sn = ∇s(nαSα) =∇snαSα+nα∇sSα=∇snα(tαt+nαn) +nα∇sSβ∇βSα
= tα∇snαt+nαtβBαβN =�kgt+ τgN (2.173)

∇sN = tα∇αN =�tαBαβSβ=�tαBαβ(tβt+nβn)

= �tαtβBαβt� tαnβBαβn=�knt� τgn (2.174)
∇⊥N = nα∇αN =�nαBα

βSβ=�nα(tβt+nβn)Bα
β

= �nαtβBαβt�nαnβBαβn=�τgt�B⊥n (2.175)

where we defined the geodesic curvature

kg=nα∇stα= εαβtβ∇stα= εαβ∇sSβ∇s
2Sα, (2.176)

the normal curvature
kn= tαtβBαβ=∇sSα∇sSβBαβ , (2.177)
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and the geodesic torsion

τg=nαtβBαβ=nαtβBβ
α= εαγtγtβBβ

α= εαγ∇sSγ∇sSβBβ
α, (2.178)

and

B⊥≡nαnβBαβ. (2.179)

Convention 2.9. smaller circles of radius r < 1 on a unit sphere will have geodesic curvature
kg=� 1� r2

√
/r.

Obviously,
(
kn τg
τg B⊥

)
represents the curvature tensor Bαβ in the Darboux frame. Since curva-

ture scalars are invariant, along the curve, we have

KM = kn+B⊥ (2.180)
K = knB⊥� τg2. (2.181)

From the above definition, invariant derivatives of tα and nα are

∇stα = ∇s(t ·Sα)=∇st ·Sα+ t ·∇sSβ∇βSα= kgnα (2.182)
∇snα = ∇s(n ·Sα)=∇sn ·Sα+n ·∇sSβ∇βSα=�kgta. (2.183)

Since ∇sZi,∇sZi=0, we can also write

∇sti = kgni+ knN i (2.184)
∇sni = �kgti+ τgN i (2.185)
∇sN i = �knti� τgni. (2.186)
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Chapter 3

Variation of the Hamiltonian for Soft Fludic
Elastic Surfaces

In the 1970s, Helfrich proposed an elegant geometric model for lipid bilayers and successfully
explained the biconcave shape of red blood cells [helfrich1973elastic], which says the elastic energy
density of lipid bilayers is proportional to the mean curvature squared of the lipid bilayer. At the
local scale, lipid fluidity, lipid stretching, lipid tilting and bilayer coupling can all contribute to
the energy of the bilayer. It is therefore quite surprising that all the local chemistry and physics of
lipids becomes just a small set of emergent parameters of a geometric Hamiltonian. On the large
scale, the forms of the Hamiltonian is limited by requirement of symmetry and should only depend
on geometric surface scalars. A natural expansion is proposed in [deserno2015fluid]

H =

∫
dA{C(0) + C(1)KM + C(2,1)KM

2 + C(2,2)K + C(3,1)KM
3 + C(3,2)KMK + C(4,1)KM

4 +

C(4,2)KM
2K +C(4,3)K2+C(4,4)(∇αKM)(∇αKM)+O(length�5)}. (3.1)

Usually only terms up to O(length�2) are adopted, although there are researches suggesting
stability effects of higher order terms [siegel2010fourth]. For inhomogenous bilayers, the phenom-
enological coefficients can depend on local concentration of proteins and composition of lipids.

For lipid bilayers with open edges or/and phase coexistence, line energy can not be neglected.
Based on a similar analysis of symmetry, a natural expansion of a general line energy can be written
as

H =

∫
dl{c(0)+ c(1)kg+ c(2)kn+ c(3)τg+ c(4)B⊥+ c(5)kg

2+ c(6)kn
2 + · · ·}. (3.2)

This general line integral can be used to describe a variety of interactions. For instance, energy
contribution of open edges of nanodiscoids stabilized by edge-reactant salts can be written as H =∫
∂Pdl{τ + c1(kg�k0)

2+ c2kn
2} [morris2019solvated]. For membranes with phase coexistence, differ-

ences in Gaussian bending moduli will lead to terms like H=
∫
dlc(1)kg [baumgart2005membrane].

Based on the problem of interest, special forms of Eq. (3.1) and Eq. (3.2) can be chosen.

3.1 Variation of Surface Geometry

The variation of the Helfrich bending energy was first carried out by Ou-Yang [zhong1989bending].
Then this process is made more elegant by Capovilla and Guven via adopting covariant notations
[capovilla2002stresses]. In most computations, vesicles are assumed to be homogeneous and all
phenomenological coefficients constant. Thus the resulting bending forces from a general curvature
Hamiltonian Eq. (3.1) is still lacking. In the following computation, we shall assume that all the
phenomenological coefficients in Eq. (3.1) vary locally on the surface.

27



3.1.1 Variation of Metrics and Curvatures of Embedded Surface
Consider a variation of the position of the membrane given byR(S)→R(S)+δR(S). Let us denote
δR(S) byW and decompose it into tangential and normal directions: δR=W (S)=WN +WαSα.
The variation of the tangent vectors and the normal N is

δSα = δ(∇αR) =∇αδR=∇αW =∇α(WN +W βSβ)

= ∇αWN �WBα
βSβ+∇αW βSβ+W βBαβN

= (∇αW +W βBαβ)N +(∇αW β�WBα
β)Sβ (3.3)

δN = δN · (SαSα+NN )=�N · δSαSα=�(∇αW +W βBαβ)Sα (3.4)

The variation of metrics are

δSαβ = δSα ·Sβ+Sα · δSβ=(∇αWβ�WBαβ)+ (∇βWα�WBαβ)

= ∇αWβ+∇βWα� 2WBαβ (3.5)
δSαβ = δγ

βδSαγ=SβσSσγδSαγ=Sβσ(�SαγδSσγ)
= �SβσSαγ(∇σWγ+∇γWσ� 2WBσγ)

= �(∇αW β+∇βWα� 2WBαβ) (3.6)

δS =
1
2!
eαβeµν(δSαµSβν+SαµδSβν)= eαβeµνSαµδSβν

= SεαβεµνSαµ(∇βWν+∇νWβ� 2WBβν)

= S(SαµSβν �SανSβµ)Sαµ(∇βWν+∇νWβ� 2WBβν)

= S(2Sβν �Sβν)(∇βWν+∇νWβ� 2WBβν)

= 2S(∇βW β�WKM) =2(∇‖ ·W )S, (3.7)

where we used

δ(δβ
α)= δ(SαγSγβ)= 0. (3.8)

The variation of the surface Levi-Civita tensor and area differential dA is

δεαβ = δ( S
√

eαβ)=
δS
2S

S
√

eαβ=(∇γW γ�WKM)εαβ (3.9)

δεαβ = δ

(
eαβ

S
√

)
=�δS

S
eαβ

S
√ =�(∇γW γ�WKM)εαβ (3.10)

δ(dA) = δ( S
√

dS1dS2)=
δS
2S

S
√

dS1dS2=(∇αWα�WKM)dA=(∇‖ ·W )dA. (3.11)

To find variation of the curvature tensor, we need to find variation of of either ∇αN or ∇αSβ:

δ(∇γN) = ∇γδN =�∇γ(∇αW +W βBαβ)Sα� (∇αW +W βBαβ)Bγ
αN . (3.12)

Then the variation of curvature tensor is

δBαβ = �δ(Sβ ·∇αN )=�δSβ ·∇αN �Sβ ·∇αδN

= Bα
γδSβ ·Sγ�Sβ ·∇αδN

= Bα
γ(∇βWγ�WBβγ)+∇α(∇µW +W νBµν)Sµ ·Sβ

= Bα
γ∇βWγ�WBβγBα

γ+∇α∇βW +∇α(W νBβν)

= ∇αBβνW ν+Bαν∇βW ν+Bβν∇αW ν �BβγBα
γW +∇α∇βW. (3.13)

The variation of the mean curvature is

δKM = δ(SαβBαβ)= δSαβBαβ+SαβδBαβ
= (2WBαβ�∇αW β�∇βWα)Bαβ+Sαβ{Bα

γ∇βWγ�WBβγBα
γ+∇α∇βW +∇α(W νBβν)}

= (2WBβ
αBα

β� 2Bαβ∇αW β)+Bα
γ∇αWγ �WBγ

αBα
γ+∇α∇αW +Bν

α∇αW ν+W ν∇αBν
α

= WBβ
αBα

β+∇α∇αW +W ν∇αBν
α

= WBβ
αBα

β+∇α∇αW +W ν∇αBαν
= W (KM

2 � 2K)+∇α∇αW +W ν∇νKM. (3.14)
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The variation of the Gaussian curvature is

δK = δ

(
1
2!
εαβεµνBαµBβν

)
=
1
2
eαβeµνδ

(
1
S
BαµBβν

)

=
1
2
eαβeµν

(
�δS
S2
BαµBβν

)
+
1
2
eαβeµν

1
S
(δBαµBβν+BαµδBβν)

=
1
2
eαβeµν

(
1
S
BαµBβν

)(
�δS
S

)
+ eαβeµν

1
S
BαµδBβν

= K

(
�δS
S

)
+(SαµSβν�SανSβµ)BαµδBβν

= 2K(WKM �∇βW β) + (KMSβν �Bνβ)δBβν
= 2K(WKM �∇βW β) +

(KMSβν �Bνβ)(∇βBνγW γ+Bβγ∇νW γ+Bνγ∇βW γ�BνγBβ
γW +∇β∇νW )

= 2K(WKM �∇βW β)

+KMSβν(∇βBνγW γ+Bβγ∇νW γ+Bνγ∇βW γ�BνγBβ
γW +∇β∇νW )

�Bνβ(∇βBνγW γ+Bβγ∇νW γ+Bνγ∇βW γ�BνγBβ
γW +∇β∇νW )

= 2K(WKM �∇βW β)

+KM(∇βBγ
βW γ+Bγ

ν∇νW γ+Bγ
β∇βW γ�Bγ

βBβ
γW +∇β∇βW )

�Bνβ(∇βBνγW γ+Bβγ∇νW γ+Bνγ∇βW γ�BνγBβ
γW +∇β∇νW )

= 2K(WKM �∇βW β)

+KM(∇βBγ
βW γ+2Bγ

β∇βW γ�Bγ
βBβ

γW +∇β∇βW )

�Bνβ(∇βBνγW γ+2Bνγ∇βW γ�BνγBβ
γW +∇β∇νW )

= (2KKM +BνβBνγBβ
γ�KMBγ

βBβ
γ)W +KM∇β∇βW �Bνβ∇ν∇βW

�2K∇βW β+(KM∇βBγ
β�Bνβ∇βBνγ)W γ+2(KMBγ

β�BνβBνγ)∇βW γ

= KKMW +KM∇β∇βW �Bνβ∇ν∇βW

�2K∇βW β+(KM∇βBγ
β�Bνβ∇βBνγ)W γ+2Kδγ

β∇βW γ

= KKMW +KM∇β∇βW �Bνβ∇ν∇βW +W γ∇γK (3.15)

where we used

2KKM +BνβBνγBβ
γ �KMBγ

βBβ
γ=2KKM +(KMBγ

β�Kδγ
β)Bβ

γ�KMBγ
βBβ

γ=KKM (3.16)

KMBγ
β�BνβBνγ=Kδγ

β (3.17)
and

KM∇βBγ
β�Bνβ∇βBνγ=

1
2
∇γ(KM)2�

1
2
∇γ(BνβBνβ)=

1
2
∇γ(2K)=∇γK. (3.18)

In the next part, we apply the above results to calculate various forms of surface integrals.

3.1.2 Variation of Surface Hamiltonian
Example 3.1. (variation of a surface functional) Consider an energy functional defined as∫
Pf dA. Then,

δ

∫

P
f dA =

∫

P

(
δf + f

δ(dA)
dA

)
dA

=

∫

P
{δf + f(∇αWα�WKM)}dA

=

∫

P
(δf �∇αfWα� fKMW )dA+

∫

P
∇α(fWα)dA

=

∫

P
(δf �∇αfWα� fKMW )dA+

∫

∂P
nαfWαdl

=

∫

P
δR ·

(
δf
δR

�∇‖f � fKMN

)
dA+

∫

∂P
δR · (fn)dl (3.19)
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where in the last step we used Stokes’ law to convert a surface integral into a line integral. Thus
forces from the energy density f is

�
δ
∫
PfdA

δR
=

∫

P

(
� δf
δR

+∇‖f + fKMN

)
dA+

∫

∂P
(�fn)dl (3.20)

where the integrand in the surface integral represents force per unit area and that in the line
integral represents boundary force.

Example 3.2. (variation of surface area) The surface area of patch P is

A=

∫

P
dA, (3.21)

whose functional derivative is

� δA
δR

=

∫

P
(KMN)dA+

∫

∂P
(�n)dA (3.22)

which can be interpreted as surface tension.

Example 3.3. (variation of enclosed volume) The enclosed volume V of a closed surface P is

V =
1
3

∫∫
©
P
R ·NdA (3.23)

and

δV =
1
3

∫

P

(
W ·N +R · δN +R ·N δA

dA

)
dA

=
1
3

∫

P
{W �R ·Sα(∇αW +W βBαβ)+R ·N (∇αWα�WKM)}dA

=
1
3

∫

P
{W �R ·Sα∇αW �R ·SαW βBαβ+R ·N∇αWα�R ·NWKM}dA

=
1
3

∫

P
{W +W∇α(R ·Sα)�R ·SαW βBαβ�Wα∇α(R ·N )�R ·NWKM}dA

=
1
3

∫

P
{W +W (Sα ·Sα+R ·KMN )�R ·SαW βBαβ�Wα(�R ·Bα

βSβ)�R ·NWKM}dA

=
1
3

∫

P
{W +2W }dA

=

∫

P
W dA. (3.24)

Thus,

� δV
δR

=

∫∫
©
P
(�N )dA. (3.25)

Example 3.4. (variation of energy due to material properties) Let f = f(S) be a function
of the surface coordinate. It can be used to represent energy due to scalar fields such as a phase
order parameter describing lipid species or a local Lagrange multiplier (a local tension field) to
enforce incompressibility condition. Note that f describes material properties like a color field not
material quantities. Thus local stretching or compression will not affect its value. Therefore, δf =0
and Eq.(3.20) reduces to

�
δ
∫
PfdA

δR
=

∫

P
(∇‖f + fKMN )dA+

∫

∂P
(�fn)dl (3.26)
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Note that δf =0 means f(S) as a function of surface coordinates will not change under a virtual
position variation δR but f(R) will change. Indeed,

δf(R) = f(R� δR)� f(R) =�δR ·∇f. (3.27)

Therefore, if the surface moves with velocity V =VN +V αSα, then the PDE (partial differential
equation) satisfied by f(R, t) reads

∂f(R, t)
∂t

=�δR
δt
·∇f =�V ·∇f (3.28)

which is simply the advection equation for field f .

Example 3.5. (incompressibility condition and local Lagrange Multiplier) Suppose phys-
ical forces on an elastic surface leads to a velocity field V =VN +V αSα on the surface. Now we
add a local Lagrange multiplier

∮
fdA to enforce incompressibility. We assume that force density

is proportional to velocity and this proportionality constant is ζ. Then the additional velocity field
Vf from the condition of incompressibility derives from ζVf =Sα∇αf +KMfN . Incompressibility
implies vanishing surface divergence for total velocity:

∇‖ · (V +Vf)= 0, (3.29)

which gives an equation to calculate the local Lagrange multiplier f

∇‖ · (ζVf)=∇α∇αf � (KM)2f =�∇‖ · (ζV ). (3.30)

Example 3.6. (variation of a concentration field due to passive advection) Consider a
concentration field c living on the surface. If the surface moves with velocity V = VN + V αSα,
during a differential time interval ∆t, the differential changes of surface position is given by δR=
W =∆tV . Under this variation, the concentration field c→ c+ δc and an infinitesimal area dA→
dA+ δ(dA). Since there is only stretching and compression, the total amount of c within a small
patch of membrane with area dA remains invariant. We therefore have cdA=(c+ δc)(dA+ δ(dA)),
which gives

δc=�cδ(dA)
dA

=�(∇‖ ·W )c, (3.31)

where we ignored the second order term δcδ(dA).

Example 3.7. (variation of a concentration dependent energy due to passive advection
of the concentration field) Now consider a Hamiltonian

∫
Pf(c)dA depending only on the

concentration c of some membrane molecules, so δf =(δf /δc)δc. Then,

δ

∫

P
f (c)dA

=

∫

P

(
δf
δc
δc+ f

δ(dA)
dA

)
dA

=

∫

P

(
�δf
δc
c
δ(dA)
dA

+ f
δ(dA)
dA

)
dA

=

∫

P

(
f � δf

δc
c

)
(∇αWα�WKM)dA

=

∫

P
(�Wα∇α�WKM)

(
f � δf

δc
c

)
dA+

∫

P
∇α

{(
f � δf

δc
c

)
Wα

}
dA

= �
∫

P

{
Wα∇α

(
f � δf

δc
c

)
+

(
f � δf

δc
c

)
KMW

}
dA+

∫

∂P
nα
(
f � δf

δc
c

)
WαdA

= �
∫

P
δR ·

{
∇‖
(
f � δf

δc
c

)
+

(
f � δf

δc
c

)
KMN

}
dA+ δR ·

∫

∂P

(
f � δf

δc
c

)
ndA. (3.32)
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Thus

�
δ
∫
Pf(c)dA

δR
=

∫

P

{
∇‖
(
f � c∂f

∂c

)
+KM

(
f � c∂f

∂c

)
N

}
dA+

∫

∂P

{
�
(
f � c∂f

∂c

)
n

}
dl. (3.33)

which is basically Eq. (3.26) with the substitution

f→ f � c∂f
∂c
.

Since f in Eq. (3.26) can be interpreted as a local surface tension, we may say that dependence of
the surface energy density f on concentration c of membrane molecules leads to an extra tension
term of �c(∂f /∂c). Let us denote by σc[f(c)] this equivalent tension for a concentration dependent
surface energy f(c)

σc[f(c)] = f(c)� c∂f(c)
∂c

. (3.34)

Example 3.8. (incompressibility and local area elasticity) Solving for a local Lagrange
multiplier can be computationally expensive and numerically inaccurate. In another approach
from [aland2014diffuse], a scalar field c is introduced to measure local compression and stretching.
Physically, c may be interpreted as density of lipid molecules of the vesicle. The hypothesis of
being incompressible means density of lipids should remain constant during surface deformation.
Dynamics of c is dictated by the conservation law

∂c
∂t
+∇‖ · (cv)= 0, (3.35)

where v is the velocity field of the vesicle. Initial value of c is set to be 1 everywhere. When
c > 1(c < 1), the vesicle is locally compressed(stretched). Then an energy penalty

∫
fin(c)dA is

added to the Hamiltonian of the system where fin(c) has a local minimum at c=1. Conventional
choices for fin(c) are

f1,in(c) =
µ
2
(c� 1)2 (3.36)

f2,in(c) =
µ
2

(
1
c
� 1
)
2

(3.37)

f3,in(c) =
µ
2

(
c+

1
c
� 2
)
2

, (3.38)

and

σc[f1,in(c)] =
1
2
(c� 1)2� c(c� 1)= 1

2
(c� 1)(�c� 1)= 1

2
(1� c2) (3.39)

σc[f2,in(c)] =
1
2

(
1
c
� 1
)
2

� c
(
1
c
� 1
)(
� 1
c2

)
=
1
2

(
1
c
� 1
)(

3
c
� 1
)

(3.40)

σc[f3,in(c)] =
1
2

(
1
c
+ c� 2

)
2

� c
(
1
c
+ c� 2

)(
1� 1

c2

)
=

1
2c2

(3+ c)(1� c)3. (3.41)

We require fin(c) 1) approach ∞ when c approaches 0 or ∞ 2) when c∼ 1+ ε, be approximately
quadratic in the small deviation ε. Obviously, none of the conventional choices meet our require-
ments. We therefore take

fin(c)= f1,in(c)+ f2,in(c) =
µ
2

[(
1
c
� 1
)
2

+(1� c)2
]
. (3.42)

The equivalent tensor related to fin(c) is

σc[fin(c)] =
µ
2

[(
1
c
� 1
)(

3
c
� 1
)
+(1� c2)

]
. (3.43)
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Example 3.9. (variation of a concentration field due to active motion) Consider a bio-
membrane where protein and lipid molecules reside. The energy functional typically depends on
the concentration of those molecules. If we vary the position of those molecules, we can find the
associated force on those them and derive dynamical equations for them. Suppose the variation
of the position of the molecules is due to the action of an instantaneous tangential velocity V =
V αSα for a small time period ∆t. Then the variation of the position of the molecules is
δpR=W =∆tV =∆tV αSα, where the subscript p is used to stress that this variation is related
to postilion changes of protein molecules (in contrast to the one without this subscript related to
changes in surface position). The variation of the total amount of molecules within a small patch
of surface is due to flux through the boundary of this patch

δp

∫

P
cp dA = �∆t

∫

∂P
(cpV ) ·ndl=�

∫

∂P
nαcp∆tV αdl=�

∫

P
∇α(cp∆tV α)dA. (3.44)

Thus, the variation of the concentration is given by

δpcp=�∇α(cp∆tV α)=�∇α(cpWα). (3.45)

Example 3.10. (variation of a concentration dependent Hamiltonian due to active
motion of material quantities) Now the variation of an energy density f due to δpcp is thus
δpf =

∂f

∂cp
δcp and

δp

∫

P
f(cp)dA =

∫

P
δpf dA=

∫

P

∂f
dcp

δcpdA

= �
∫

P

∂f
∂cp
∇α(cpWα)dA

=

∫

P

(
cpWα∇α

(
∂f
∂cp

))
dA�

∫

P
∇α

(
∂f
∂cp

cpWα

)
dA

=

∫

P

(
cpWα∇α

(
∂f
∂cp

))
dA�

∫

∂P

∂f
∂cp

cpnαWαdl, (3.46)

which gives

�
δp
∫
Pf(cp)dA

δRp
=

∫

P

(
�cp∇‖

(
∂f
∂cp

))
dA+

∫

∂P

(
∂f
∂cp

cpn

)
dl. (3.47)

We thus can interpret the integrand
(
�cp∇‖

∂f

∂cp

)
of the surface integral in Eq. (3.47) as molecular

forces from lipids to protein molecules.

Example 3.11. (variation of bending energy without spontaneous curvature) Consider
a variable bending moduli κ(S) and assume that δκ=0.

δ

∫

P

κ
2
KM
2 dA

=

∫

P

{
κKMδKM +

κ
2
KM
2 δ(dA)

dA

}
dA

=

∫

P

{
κKM(WBβ

αBα
β+∇α∇αW +W ν∇νKM)+

κ
2
KM
2 (∇αWα�WKM)

}
dA

=

∫

P

{
κW

(
KMBβ

αBα
β� 1

2
KM
3

)
+κKM∇α∇αW +κ

(
WαKM∇αKM +

1
2
KM
2 ∇αWα

)}
dA

=

∫

P

{
κW

(
1
2
KM
3 � 2KMK

)
+W∇α∇α(κKM)+∇α[κKM∇αW �W∇α(κKM)]

}
dA

+

∫

P

{
�1
2
KM
2Wα∇ακ+∇α

( κ
2
KM
2Wα

)}
dA
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=

∫

P

{
W

[
κ

(
1
2
KM
3 � 2KMK

)
+∆!(κKM)

]
� 1
2
WαKM

2 ∇ακ

}
dA

+

∫

P

{
∇α

[
κKM∇αW �W∇α(κKM)+

κ
2
KM
2Wα

]}
dA,

where we used

KMBβ
αBα

β� 1
2
KM
3 = KM(KM

2 � 2K)� 1
2
KM
3 =

1
2
KM
3 � 2KMK

κKM∇α∇αW = �∇α(κKM)∇αW +∇α(κKM∇αW )

= W∇α∇α(κKM)+∇α[κKM∇αW �W∇ακKM]

κ

(
WαKM∇αKM +

1
2
KM
2 ∇αWα

)
= κ∇α

(
1
2
KM
2Wα

)

= �1
2
KM
2Wα∇ακ+∇α

(κ
2
KM
2Wα

)

and
∫

P

{
∇α

[
κKM∇αW �W∇α(κKM)+

κ
2
KM
2Wα

]}
dA

=

∫

P
nα
{
κKM∇αW �W∇α(κKM) +

κ
2
KM
2Wα

}
dA

=

∫

P

{
κKM∇⊥W �W∇⊥(κKM) +

κ
2
KM
2W ·n

}
dA.

Thus,

�
δ
∫
P
κ

n
KM
2 dA

δR
= �

δ
∫
Pκδ

� 1
n
KM
2 dA

)

δR

=

∫

P

{
N

[
κ

(
2KMK �

1
2
KM
3

)
�∆‖(κKM)

]
+
KM
2

2
∇‖κ

}
dA

+

∫

∂P

{
N∇⊥(κKM)�

(κ
2
KM
2
)
n
}
dl. (3.48)

Example 3.12. (variation of KM
n , n>2)Consider f = κ(S)

n
(KM)n, where n is a positive integer

and κ(S) is a locally varying bending modulus for the mean curvature and δκ=0.

δ

∫

P

κ
n
KM
n dA

=

∫

P

{
κKM

n�1δKM +
κ
n
KM
n δ(dA)

dA

}
dA

=

∫

P

{
κKM

n�1(WBβ
αBα

β+∇α∇αW +W ν∇νKM)+
κ
n
KM
n (∇αWα�WKM)

}
dA

=

∫

P

{
κW

(
KM
n�1Bβ

αBα
β� 1

n
KM
n+1

)
+κKM

n�1∇α∇αW +κ

(
WαKM

n�1∇αKM+
KM
n

n
∇αWα

)}
dA

=

∫

P

{
κW

(
n� 1
n

KM
n+1� 2KM

n�1K

)
+W∇α∇α(κKM

n�1)

}
dA

+

∫

P
∇α{κKM

n�1∇αW �W∇α(κKM
n�1)}dA

+

∫

P

{
�1
n
KM
nWα∇ακ+∇α

( κ
n
KM
nWα

)}
dA

=

∫

P

{
W

[
κ

(
n� 1
n

KM
n+1� 2KM

n�1K

)
+∆!(κKM

n�1)

]
� 1
n
WαKM

n∇ακ

}
dA

+

∫

P

{
∇α

[
κKM

n�1∇αW �W∇α(κKM
n�1)+

κ
n
KM
nWα

]}
dA
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where we used

KM
n�1Bβ

αBα
β� 1

n
KM
n+1 = KM

n�1(KM
2 � 2K)� 1

n
KM
n+1=

n� 1
n

KM
n+1� 2KM

n�1K

κKM
n�1∇α∇αW = �∇α(κKM

n�1)∇αW +∇α(κKM
n�1∇αW )

= W∇α∇α(κKM
n�1) +∇α[κKM

n�1∇αW �W∇ακKM
n�1]

κ

(
WαKM

n�1∇αKM +
1
n
KM
n∇αWα

)
= κ∇α

(
1
n
KM
nWα

)

= � 1
n
KM
nWα∇ακ+∇α

( κ
n
KM
nWα

)

and
∫

P

{
∇α

[
κKM

n�1∇αW �W∇α(κKM
n�1)+

κ
n
KM
nWα

]}
dA

=

∫

P
nα
{
κKM

n�1∇αW �W∇α(κKM
n�1) +

κ
n
KM
nWα

}
dA

=

∫

P

{
κKM

n�1∇⊥W �W∇⊥(κKM
n�1) +

κ
n
KM
nW ·n

}
dA.

Then

�
δ
∫
P
κ

n
KM
n dA

δR
= �

δ
∫
Pκδ

� 1
n
KM
n dA

)

δR

=

∫

P

{
N

[
κ

(
2KM

n�1K � n� 1
n

KM
n+1

)
�∆‖(κKM

n�1)

]
+
KM
n

n
∇‖κ

}
dA

+

∫

∂P

{
N∇⊥(κKM

n�1)�
( κ
n
KM
n
)
n
}
dl (3.49)

Example 3.13. (variation of Gaussian Bending energy)

δ

∫

P
KdA

=

∫

P

(
δK +K

δ(dA)
dA

)
dA

=

∫

P
{δK +K(∇αWα�WKM)}dA

=

∫

P
{KM∇β∇βW �Bνβ∇ν∇βW +∇γKW γ+K∇αWα}dA

=

∫

P
{�∇βKM∇βW +∇νBνβ∇βW }dA+

∫

P
∇α(KM∇αW �Bαβ∇βW +KWα)dA

=

∫

∂P
nα(KM∇αW �Bαβ∇βW +KWα)dl

=

∫

∂P
(KM∇⊥W �nαtβBαβ∇sW �nαnβBαβ∇⊥W +KnαWα)dl

=

∫

∂P
(KM∇⊥W +∇s(nαtβBαβ)W �nαnβBαβ∇⊥W +KnαWα)dl

=

∫

∂P
(KM∇⊥W +∇sτgW �nαnβBαβ∇⊥W +KnαWα)dl

=

∫

∂P
{(KM �nαnβBαβ)∇⊥W +∇sτgW +KnαWα}dl

=

∫

∂P
{kn∇⊥W +∇sτgW +KnαWα}dl.
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Thus,

�
δ
∫
PKdA

δR
=

∮

∂P
{�∇sτgN �Kn}dl, (3.50)

Example 3.14. (variation of Kn)

δ

∫

P

1
n
κ(s)KndA

=

∫

P
κ

(
Kn�1δK+

1
n
Knδ(dA)

dA

)
dA

=

∫

P
κ

{
Kn�1δK+

1
n
Kn(∇αWα�WBα

α)

}
dA

=

∫

P
κ

{
Kn�1(KKMW +KM∆!W �Bνβ∇ν∇βW +W γ∇γK)+

Kn

n
(∇αWα�WKM)

}
dA

=

∫

P

{
n� 1
n

κKnKMW +κKn�1KM∇β∇βW �κKn�1Bνβ∇ν∇βW +κKn�1W γ∇γK

}
dA

+

∫

P
κ
Kn

n
∇αWαdA

=

∫

P
W

{
n� 1
n

κKnKM +∆!(κKn�1KM)�∇β∇ν(κKn�1Bνβ)

}
dA

+

∫

P
W γ

{
κKn�1∇γK �∇γ

(
κ
Kn

n

)}
dA+

∫

P
∇α

(
κ
Kn

n
Wα

)
dA

+

∫

P
∇α{κKn�1KM∇αW �W∇α(κKn�1KM)�κKn�1Bαβ∇βW +W∇β(κKn�1Bβα)}dA

where we used

κKn�1KM∇β∇βW = ∇β(κKn�1KM∇βW )�∇β(κKn�1KM)∇βW

= ∇β[κKn�1KM∇βW �W∇β(κKn�1KM)] +W∆!(κKn�1KM)

κKn�1Bνβ∇ν∇βW = ∇ν(κKn�1Bνβ∇βW )�∇β(κKn�1Bβν)∇νW

= ∇ν[κKn�1Bνβ∇βW �W∇β(κKn�1Bβν)] +W∇ν∇β(κKn�1Bβν)

κ
Kn

n
∇αWα = ∇α

(
κ
Kn

n
Wα

)
�Wα∇α

(
κ
Kn

n

)

and the boundary term can be written as
∫

P
∇α{κKn�1KM∇αW �W∇α(κKn�1KM)�κKn�1Bαβ∇βW +W∇β(κKn�1Bβα)}dA

=

∫

∂P
{κKn�1KM∇⊥W �W∇⊥(κKn�1KM)�κKn�1nαBαβ∇βW +Wnα∇β(κKn�1Bβα)}dl

=

∫

∂P
{κKn�1KM∇⊥W �W∇⊥(κKn�1KM)�κKn�1(τg∇sW +B⊥∇⊥W )}dl

+

∫

∂P
{Wnα∇β(κKn�1Bβα)}dl

=

∫

∂P
{κKn�1(KM �B⊥)∇⊥W �W∇⊥(κKn�1KM)+W∇s(κKn�1τg)}dl

+

∫

∂P
W {nαBβα∇β(κKn�1) +κKn�1nα(∇βBβα)}dl

=

∫

∂P
{κKn�1(KM �B⊥)∇⊥W }dl+

∫

∂P
W {�∇⊥(κKn�1KM)+∇s(κKn�1τg)+κKn�1∇⊥KM+τg∇s(κKn�1)+B⊥∇⊥(κKn�1)}∂l
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=

∫

∂P
{κKn�1kn∇⊥W }∂l+

∫

∂P
W {�KM∇⊥(κKn�1)+∇s(κKn�1τg)+ τg∇s(κKn�1)+B⊥∇⊥(κKn�1)}dl

=

∫

∂P
{κKn�1kn∇⊥W }dl+

∫

∂P
W {�kn∇⊥(κKn�1) +∇s(κKn�1τg)+ τg∇s(κKn�1)}dl,

from which we have the integrand normal component of the bulk term of �δ
∫
(κKn/n)dA/δR is

�N
{
n� 1
n

κKnKM +∆!(κKn�1KM)�∇β∇ν(κKn�1Bνβ)

}

= �N
{
n� 1
n

κKnKM +∆!(κKn�1KM)�Bβν∇β∇ν(κKn�1)�κKn�1∇β∇νBβν

}

= �N
{
n� 1
n

κKnKM +∆!(κKn�1KM)�Bβν∇β∇ν(κKn�1)�κKn�1∆!KM

}

= �N
{
n� 1
n

κKnKM +KM∆!(κKn�1)�Bβν∇β∇ν(κKn�1)

}

and the integrand tangential component of the bulk term of �δ
∫
(κKn/n)dA/δR is

�
{
κKn�1∇!K �∇!

(
κ
Kn

n

)}
=∇!

(
κ
Kn

n

)
�κ∇!K

n

n
=
Kn

n
∇!κ

and the integrand boundary term of �δ
∫
(κKn/n)dA/δR is

�κK
n

n
n�{∇s(κKn�1τg) + τg∇s(κKn�1)� kn∇⊥(κKn�1)}N .

Thus,

�δ
∫
(κKn/n)dA

δ∇⊥(W ·N )
= �

∫

∂P
κKn�1kndl, (3.51)

and

�
δ
∫
P
κ(S)

n
KndA

δR
=�

δ
∫
Pκδ

� 1
n
KndA

)

δR

=

∫

P

{
N

[
Bαβ∇α∇β(κKn�1)� n� 1

n
κKnKM �KM∆‖(κKn�1)

]
+
Kn

n
∇‖κ

}
dA+

∫

∂P

{
N [kn∇⊥(κKn�1)�∇s(κKn�1τg)� τg∇s(κKn�1)]�

(
κ
Kn

n

)
n

}
dl, (3.52)

from which we see that for vesicles with varying Gaussian bending moduli, which can be a result
of phase separation and coexistence or varying lipid and protein species, the elastic forces from the
Gaussian curvature energy is generally non-zero.

Example 3.15. (variation of KM
nKm) Combining the results for KM

n and Kn, it is straight
forward to write down variation of KM

nKm,wheren,m are positive integers. Indeed,

�
δ
∫
P

κ

nm
KM
nKmdA

δR

= � 1
δR

{∫

P

κKm

m
δ

(
KM
n

n
dA

)
+

∫

P

κKM
n

n
δ

(
Km

m
dA

)
�
∫

P

κ
nm

KM
nKmδ(dA)

}
(3.53)

where the first term has the same form as Eq. (3.49) with κ→ κKm

m
, the second term has the same

form as Eq. (3.52) with κ→ κKM
m

m
and the last term the same form as Eq. (3.26) with f→ κ

nm
KM
nKm.
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Example 3.16. Consider f = κ(S)

2
∇αKM∇αKM. Then

δ

∫

P

κ
2
∇αKM∇αKMdA

=

∫

P

(
κ∇αKM∇αδKM +

κ
2
∇αKM∇αKM

δ(dA)
dA

)
dA

=

∫

P

{
∇α(κδKM∇αKM)� δKM∇α(κ∇αKM)+

κ
2
∇αKM∇αKM(∇αWα�WKM)

}
dA

where the first term is ∫

P
∇α(κδKM∇αKM)dA

=

∫

∂P
nακδKM∇αKMdl

=

∫

∂P
κ{W (KM

2 � 2K) +∇α∇αW +W ν∇νKM}∇⊥KMdl

where ∫

∂P
κ∇⊥KM∇α∇αW dl

=

∫

∂P
{κ∇⊥KMtα∇s∇αW +κ∇⊥KMnα∇⊥∇αW }dl

=

∫

∂P
{�∇s(κ∇⊥KMtα)∇αW +κ∇⊥KMnα∇⊥∇αW }dl

=

∫

∂P
{�[∇s(κ∇⊥KM)tα+κ∇⊥KM∇stα]∇αW +κ∇⊥KMnα∇⊥∇αW }dl

=

∫

∂P
{�∇s(κ∇⊥KM)∇sW �κ∇⊥KMkg∇⊥W +κ∇⊥KMnα∇⊥∇αW }dl

=

∫

∂P
{∇s2(κ∇⊥KM)W �κ∇⊥KMkg∇⊥W +κ∇⊥KMnα∇⊥∇αW }dl

and the second term is∫

P
δKM∇α(κ∇αKM)dA

=

∫

P
{W (KM

2 � 2K) +∇β∇βW +W ν∇νKM}∇α(κ∇αKM)dA

where ∫

P
∇β∇βW∇α(κ∇αKM)dA

=

∫

P
∇β{∇βW∇α(κ∇αKM)}dA�

∫

P
∇βW∇β∇α(κ∇αKM)dA

=

∫

∂P
nβ∇βW∇α(κ∇αKM)dl�

∫

P
∇β{W∇β∇α(κ∇αKM)}dA+

∫

P
W∇β∇β∇α(κ∇αKM)dA

=

∫

∂P
∇⊥W∇α(κ∇αKM)dl�

∫

∂P
W∇⊥∇α(κ∇αKM)dl+

∫

P
W∇β∇β∇α(κ∇αKM)dA

and the third term is∫

P

κ
2
∇αKM∇αKM(∇βW β�WKM)dA

= �
∫

P

κ
2
WKM∇αKM∇αKMdA

+

∫

P
∇β

(
W βκ

2
∇αKM∇αKM

)
dA�

∫

P
W β∇β

( κ
2
∇αKM∇αKM

)
dA

= �
∫

P

κ
2
WKM∇αKM∇αKMdA+

∫

∂P
nβW βκ

2
∇αKM∇αKMdA�

∫

P
W β∇β

( κ
2
∇αKM∇αKM

)
dA.
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Then,

�
δ
∫
P
κ

2
∇αKM∇αKMdA

δR

=

∫

P

{
N
[
�(KM

2 � 2K)∇α(κ∇αKM) � ∆‖∇α(κ∇αKM) +
κ
2
KM∇αKM∇αKM

]
+

∇‖
( κ
2
∇αKM∇αKM

)}
dA +

∫

∂P

{
N [�κ(KM

2 � 2K)∇⊥KM � ∇s
2(κ∇⊥KM) +

∇⊥∇α(κ∇αKM)]�∇⊥KM∇‖KM �
κ
2
∇αKM∇αKMn

}
dl (3.54)

and

�
δ
∫ κ

2
∇αKM∇αKMdA

δ∇⊥(X ·N )
= κkg∇⊥KM �∇α(κ∇αKM).

With all the examples listed in this section, all the variation of the curvature Hamiltonian Eq.
(3.1) are obtained.

3.2 Variation of Embedded Curve Geometry
Now we turn to the variation of the line energy Eq. (3.2). The variation of the first two terms of
Eq. (3.2) has been obtained by Capovilla [capovilla2002lipid] and then Tu [tu2003lipid] via the
method of differential forms. In this section, we shall calculate the variation of all terms in Eq.
(3.2) in a covariant form.

3.2.1 Variation of Metrics and Curvatures of Embedded Curves
The variation of the position of the curve is just δR restricted to the curve, which can be written
as δR=W (U)=WN +WαSα=W iZi, where W i are components of W in the Zi direction. Since
W (U) is restricted to the curve, ∇⊥W =0. The variations of the tangent vector is

δUΦ= δ(∇ΦR) =∇ΦδR=∇ΦW =∇ΦW iZi= εΦ∇sW iZi. (3.55)

The variation of the metrics are

δUΦΨ = 2εΦεΨt ·∇sW =2UΦΨt ·∇sW (3.56)
δU = eΦeΨδUΦΨ=2Ut ·∇sW (3.57)
δεΦ = �εΦt ·∇sW (3.58)
δεΦ = εΦt ·∇sW. (3.59)

The variation of the metrics of the curve is

δUΦΨ = δUΦ ·UΨ+UΦ · δUΨ=(εΦZΨ
i + εΨZΦ

i )∇sWi

= 2εΦεΨti∇sWi=2UΦΨti∇sWi (3.60)
δU = eΦeΨδUΦΨ=2eΦeΨUΦΨti∇sWi=2Uti∇sWi (3.61)

δεΦ = δ

(
eΦ

U
√

)
=� eΦ

U
√ δU

2U
=�εΦti∇sWi (3.62)

δεΦ = δ( U
√

eΦ) = U
√

eΦ
δU
2U

= εΦti∇sWi. (3.63)

The variation of the length differential dl is

δ(dl)= δ( U
√

dU1) =
δU
2U

U
√

dU1= ti∇sWidl=(t ·∇sW )dl. (3.64)

The variations of surface geometries such as Sα,N ,KM on the curve are still given by Eqs. (3.3-
3.15) with the restriction ∇⊥W =0, which implies

∇αW = tα∇sW (3.65)
∇α∇βW = tα∇s(tβ∇sW )= tαtβ∇s

2W + tα∇stβ∇sW = tαtβ∇s
2W + tαnβkg(∇sW ) (3.66)

∇α∇αW = ∇s2W (3.67)
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Then from Eqs. (3.3-3.15) we have,

δSα = (tα∇sW +W βBαβ)N +(tα∇sW β�WBα
β)Sβ (3.68)

δN = �(BαβW β+ tα∇sW )Sα=�BαβW βSα� (∇sW )t (3.69)
δBαβ = tα∇sBβνW ν+Bανtβ∇sW ν+Bβνtα∇sW ν �BβγBα

γW + tαtβ∇s2W + tαnβkg∇sW (3.70)
δKM = W (KM

2 � 2K)+W ν∇νKM +∇s2W (3.71)

The variations of the unit tangent t and unit normal n are

δt = δ(εΦUΦ) = εΦδUΦ+ δεΦUΦ=∇sW iZi� ti∇sW it=(nin+NiN )∇sW i

= (1� t⊗ t) ·∇sW =(n⊗n+N ⊗N) ·∇sW (3.72)
δn = �(δt ·n)t� (δN ·n)N =�ni∇sW it+(BαβW β+ tα∇sW )nαN

= �ni∇sW it+BαβW βnαN =�(n ·∇sW )t+(nαW βBαβ)N . (3.73)

To compute the variation of kg=n ·∇st, kn=N ·∇st, τg=�n ·∇sN , we first compute δ(∇st) and
δ(∇sN), which are straightforward to calculate. Indeed,

∇sδt = ∇s (∇sW iZi� ti∇sWit)=∇s2W iZi�∇sti∇sWit� ti∇s2Wit� ti∇sWi∇st (3.74)
δ(∇st) = δ(εΦ∇Φt)= δεΦ∇Φt+ εΦ∇Φδt

= �ti∇sWi∇st+∇s
2W iZi�∇sti∇sWit� ti∇s

2Wit� ti∇sWi∇st

= ∇s2W iZi�∇sti∇sWit� ti∇s2Wit� 2ti∇sWi∇st (3.75)

and

∇s(δN ) = �∇s(BαβW β+ tα∇sW )Sα� (BαβW β+ tα∇sW )tγBγ
αN

= �∇s(BαβW β+ tα∇sW )Sα� (BαβW βtγBγ
α+ kn∇sW )N

δ∇sN = δ(εΦ∇ΦN )= δεΦ∇ΦN + εΦδ∇ΦN = δεΦ∇ΦN +∇sδN

= �ti∇sWi∇sN �∇s(BαβW β+ tα∇sW )Sα� (BαβW βtγBγ
α+ kn∇sW )N . (3.76)

The variation of the geodesic curvature kg is

δkg = δ(n ·∇st)=n · δ∇st+∇st · δn=n · δ∇st+(kgn+ knN ) · δn
= n · δ∇st+ knN · δn=ni∇s

2W i� 2kgti∇sWi+ knnαW βBαβ (3.77)

The variation of the normal curvature kn is

δkn = δ(N ·∇st) = δN ·∇st+N · δ(∇st)= δN · (kgn+ knN )+N · δ(∇st)
= kgn · δN +N · δ(∇st)=�kgBαβW βnα+Ni∇s2W i� 2knti∇sWi (3.78)

The variation of B⊥ is

δB⊥ = δKM � δkn
= W (KM

2 � 2K)+W ν∇νKM +∇s
2W � (�kgBαβW βnα+Ni∇s

2W i� 2knti∇sWi)

= W (KM
2 � 2K)+W ν∇νKM +∇s

2W + kgBαβW βnα�Ni∇s
2W i+2knti∇sWi

= W (KM
2 � 2K)+W β(∇βKM + kgBαβnα) +∇s

2W �Ni∇s2W i+2knti∇sWi

= W (KM
2 � 2K)+W β(∇βKM + kgBαβnα) +2∇sN ·∇sW +W ·∇s2N +2knti∇sWi

= W (KM
2 � 2K)+W β(∇βKM + kgBαβnα) +2(�knt� τgn) ·∇sW +W ·∇s2N +2knti∇sWi

= W (KM
2 � 2K)+W β(∇βKM + kgBαβnα)� 2τgn ·∇sW +W ·∇s

2N (3.79)

where we used

∇s
2W = ∇s(∇s(W ·N ))= 2∇sN ·∇sW +N ·∇s

2W +W ·∇s2N . (3.80)

The variation of τg is

δτg = �δ(n ·∇sN )=�δn ·∇sN �n · δ(∇sN) =�δn · (�knt� τgn)�n · δ(∇sN )

= knt · δn�n · δ(∇sN )=�knni∇sW i� τgti∇sWi+∇s(BαβW β+ tα∇sW )nα. (3.81)
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3.2.2 Variation of Curve Hamiltonian

Example 3.17. (variation of a curve functional) Consider an energy functional defined as∮
∂Pfdl. Then,

δ

∮

∂P
fdl =

∮

∂P

(
δf + f

δ(dl)
dl

)
dl=

∮

∂P
(δf + fti∇sWi)dl=

∮

∂P
{δf �W ·∇s(ft)}dl (3.82)

and

�
δ
∮
∂Pfdl

δR
=

∮

∂P

{
� δf
δR

+∇s(ft)

}
dl. (3.83)

Example 3.18. (variation of curve length) The length of the boundary curve ∂P is l=
∮
∂Pdl.

Then setting f =1 in Eq. (3.83) gives

� δl
δR

=

∮

∂P
(∇st)dl=

∮

∂P
(kgn+ knN )dl. (3.84)

From Eq. (3.84), the line energy σl will give rise to line tension σ(kgn+knN ) along the boundary
curve.

Example 3.19. (variation of the geodesic curvature energy) Consider f = kg,. Then,

δ

∮
kgdl =

∮ (
δkg+ kg

δ(dl)
dl

)
dl

=

∮
(ni∇s

2W i� 2kgti∇sWi+ knnαW βBαβ+ kgti∇sWi)dl

=

∮
(ni∇s

2W i� kgti∇sWi+ knnαW βBαβ)dl

=

∮
(∇s2niW i+∇s(kgti)Wi+ knnαBαβSβ)dl (3.85)

and

�δ
∮
kgdl

δR
=�

∮
(∇s

2n+∇s(kgt)+ knnαBαβSβ)dl=�
∮
(∇sτgN +Kn)dl (3.86)

where we used

∇s
2n+∇s(kgt)+ knnαBαβSβ=∇s(τgN) + knnαBαβ(tβt+nβn)

= ∇sτgN + τg(�knt� τgn)+ kn(τgt+B⊥n) =∇sτgN +(knB⊥� τg2)n=∇sτgN +Kn

As expected from the Gauss-Bonnet theorem
∫
PKdA�

∮
∂Pkgdl=2πχ(P), where χ(P) is the Euler

characteristic of P , the right hand sides of Eq. (3.50) and Eq. (3.86) are the same. Eq. (3.86)
agrees with the result from Capovilla [capovilla2002lipid] and Tu [tu2003lipid].

Example 3.20. (variation of the geodesic curvature energy) Consider f = κ

n
kg
n, where n is

a positive integer and κ(U) can vary along the curve. Then,

δ

∮
κ
n
kg
ndl

=

∮ (
κkg

n�1δkg+
κ
n
kg
nδ(dl)
dl

)
dl

=

∮ {
κkg

n�1(ni∇s
2W i� 2kgti∇sWi+ knnαW βBαβ)+

κ
n
kg
nti∇sWi

}
dl

=

∮ {
κkg

n�1ni∇s2W i� 2n� 1
n

κkg
nti∇sWi+κkg

n�1knnαW βBαβ

}
dl

=

∮ {
∇s
2(κkg

n�1ni)W i+∇s
(
2n� 1
n

κkg
nti
)
Wi+κkg

n�1knnαW βBαβ

}
dl
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Thus,

�
δ
∮
∂P

κ

n
kg
ndl

δR
=

∮

∂P

{
�∇s

2(κkg
n�1n)�∇s

(
2n� 1
n

κkg
nt

)
�κkgn�1knnαSβBαβ

}
dl (3.87)

Example 3.21. (variation of the normal curvature energy) Consider f = kn, then,

δ

∮
kndl =

∮ (
δkn+ kn

δ(dl)
dl

)
dl

=

∮
(�kgBαβW βnα+Ni∇s2W i� 2knti∇sWi+ knti∇sWi)dl

=

∮
(�kgBαβW βnα+Ni∇s2W i� knti∇sWi)dl

=

∮
(�kgBαβW βnα+∇s2NiW i+∇s(knti)Wi)dl (3.88)

and

�
δ
∮
∂Pkndl

δR
=�

∮
(�kgBαβSβnα+∇s

2N +∇s(knt))dl=

∮
((kgB⊥+∇sτg)n+ τg

2N )dl (3.89)

where we used

�kgBαβnαSβ+∇s2N +∇s(knt) =�kgBαβnαSβ+∇s(�τgn)
= �kgBαβnα(tβt+nβn)�∇sτgn� τg(�kgt+ τgN)

= �kg(τgt+B⊥n)�∇sτgn� τg(�kgt+ τgN) =�(kgB⊥+∇sτg)n� τg2N .

Example 3.22. (variation of the normal curvature energy) Consider f = κ

n
(kn)n, where n

is a positive integer and κ(U) can vary along the curve. Then,

δ

∮
κ
n
(kn)ndl

=

∮ {
κ(kn)n�1δkn+

κ
n
(kn)n

δ(dl)
dl

}
dl

=

∮ {
κ(kn)n�1(�κgBαβW βnα+Ni∇s2W i� 2knti∇sWi)+

κ
n
(kn)nti∇sWi

}
dl

=

∮ {
�κ(kn)n�1κgBαβW βnα+κ(kn)n�1Ni∇s2W i� 2κ(kn)n�1knti∇sWi+

κ
n
(kn)nti∇sWi

}
dl

=

∮ {
�κ(kn)n�1κgBαβW βnα+κ(kn)n�1Ni∇s2W i� 2n� 1

n
κ(kn)nti∇sWi

}
dl

=

∮ {
�κ(kn)n�1κgBαβW βnα+∇s

2(κ(kn)n�1Ni)W i+∇s
(
2n� 1
n

κ(kn)nti
)
Wi

}
dl

and

�
δ
∮
∂P

κ

n
(kn)ndl

δR
=

∮

∂P

{
κ(kn)n�1kgBαβSβnα�∇s2(κ(kn)n�1N )�∇s

(
2n� 1
n

κ(kn)nt

)}
dl. (3.90)

Example 3.23. Let us calculate the variation of
∮
KMdl.

δ

∮
KMdl =

∮ (
δKM +KM

δ(dl)
dl

)
dl

=

∮
(W (KM

2 � 2K) +W ν∇νKM +∇s
2W +KM(ti∇sWi))dl

=

∮
(W (KM

2 � 2K) +W ν∇νKM �Wi∇s(tiKM))dl
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and

�δ
∮
KMdl

δR
= �

∮
((KM

2 � 2K)N +∇‖KM �∇s(tKM))dl

=

∮
((2K �KMB⊥)N +(KMkg�∇⊥KM)n)dl (3.91)

where we used

(KM
2 � 2K)N +∇‖KM �∇s(tKM)

= (KM
2 � 2K)N +∇‖KM �∇sKMt�KM∇st

= (KM
2 � 2K)N +∇⊥KMn�KM(kgn+ knN )

= (KM
2 � 2K �KMkn)N +(∇⊥KM �KMkg)n

= (KMB⊥� 2K)N +(∇⊥KM �KMkg)n

Example 3.24. (variation of B⊥) Consider f =B⊥, then

δ

∮
B⊥dl

=

∮ (
δB⊥+B⊥

δ(dl)
δl

)
dl

=

∮
(W (KM

2 � 2K)+W β(∇βKM + kgBαβnα)� 2τgn ·∇sW +W ·∇s
2N +B⊥(ti∇sWi))dl

=

∮
(W (KM

2 � 2K)+W β(∇βKM + kgBαβnα)+W ·∇s(2τgn)+W ·∇s
2N �Wi∇s(B⊥ti))dl

and

�δ
∮
B⊥dl

δR

= �
∮
((KM

2 � 2K)N +Sβ(∇βKM + kgBαβnα)+∇s(2τgn)+∇s2N �∇s(B⊥t))dl

=

∮
（(2K �KMB⊥� τg2)N +(kgkn�∇⊥KM �∇sτg)n）dl (3.92)

where we used

(KM
2 � 2K)N +Sβ(∇βKM + kgBαβnα)+∇s(2τgn)+∇s2N �∇s(B⊥t)

= (KM
2 � 2K)N +∇‖KM + kgBαβnαSβ+∇s(2τgn+∇sN �B⊥t)

= (KM
2 � 2K)N +∇‖KM + kgBαβnα(tβt+nβn) +∇s(τgn� knt�B⊥t)

= (KM
2 � 2K)N +∇‖KM + kg(τgt+B⊥n)+∇s(τgn�KMt)

= (KM
2 � 2K)N +∇‖KM + kg(τgt+B⊥n)+∇sτgn+ τg∇sn�∇sKMt�KM∇st

= (KM
2 � 2K)N +∇⊥KMn+ kg(τgt+B⊥n) +∇sτgn+ τg(�kgt+ τgN)�KM(kgn+ knN )

= (KM
2 � 2K + τg

2�KMkn)N +(∇⊥KM + kgB⊥+∇sτg�KMkg)n

= (KMB⊥� 2K+ τg
2)N +(∇⊥KM � kgkn+∇sτg)n.

We can also use B⊥=KM � kn to verify the above result

�δ
∮
B⊥dl

δR
=�δ

∮
(KM � kn)dl

δR

=

∮
((2K �KMB⊥)N +(KMkg�∇⊥KM)n)dl�

∮
((kgB⊥+∇sτg)n+ τg2N )dl

=

∮
((2K �KMB⊥� τg2)N +(KMkg�∇⊥KM � kgB⊥�∇sτg)n)dl

=

∮
((2K �KMB⊥� τg2)N +(knkg�∇⊥KM �∇sτg)n)dl.
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Example 3.25. (variation of the geodesic torsion energy) Consider f = τg, then

δ

∮
τgdl =

∮ (
δτg+ τg

δ(dl)
dl

)
dl

=

∮
(�knni∇sW i� τgti∇sWi+∇s(BαβW β+ tα∇sW )nα+ τgti∇sWi)dl

=

∮
(�knni∇sW i+∇s(BαβW β+ tα∇sW )nα)dl

=

∮
(∇s(knni)W i� (BαβW β+ tα∇sW )∇snα)dl

=

∮
(∇s(knni)W i+ kg(BαβW β+ tα∇sW )tα)dl

=

∮
(∇s(knni)W i+ kgtαBαβW β+ kg∇sW )dl

=

∮
(∇s(knni)W i+ kgtαBαβW β�W∇skg)dl

=

∮
[{∇s(knni)+ kgtαBαβZi

β}W i�W∇skg]dl

and

�
δ
∮ κ

n
τg
ndl

δR
= �

∮
[{∇s(knn) + kgtαBαβSβ}�N∇skg]dl

=

∮
{�(∇skn+ kgτg)n+(∇skg� knτg)N }dl (3.93)

where we used

∇s(knn)+ kgtαBαβSβ�∇skgN
= ∇sknn+ kn(�kgt+ τgN )+ kg(knt+ τgn)�∇skgN
= ∇sknn+ knτgN �∇skgN + kgτgn

= (∇skn+ kgτg)n+(knτg�∇skg)N

Example 3.26. (variation of the geodesic torsion energy) Consider f = κ

n
(τg)n, where n is

a positive integer and κ(U) can vary along the curve. Then,
∮
κ
n
τg
ndl

=

∮ {
κτg

n�1δτg+
κ
n
τg
nδ(dl)
dl

}
dl

=

∮ {
κτg

n�1[�knni∇sW i� τgti∇sWi+∇s(BαβW β+ tα∇sW )nα] +
κ
n
τg
nti∇sWi

}
dl

=

∮ {
�κτgn�1knni∇sW i� n� 1

n
κτg

nti∇sWi+κτg
n�1∇s(BαβW β+ tα∇sW )nα

}
dl

=

∮ {
W i∇s

(
κτg

n�1knni+
n� 1
n

κτg
nti
)
� (BαβW β+ tα∇sW )∇s(κτgn�1nα)

}
dl

=

∮ {
W i∇s

(
κτg

n�1knni+
n� 1
n

κτg
nti
)
�BαβW β∇s(κτgn�1nα)� tα∇sW∇s(κτg

n�1nα)

}
dl

=

∮ {
W i∇s

(
κτg

n�1knni+
n� 1
n

κτg
nti
)
�BαβW β∇s(κτgn�1nα) +W∇s[tα∇s(κτg

n�1nα)]

}
dl

and

�
δ
∮
∂P

κ

n
τg
ndl

δR
=

∮

∂P

{
�∇s

[
κτg

n�1
(
knn+

n� 1
n

τgt

)]
+BαβSβ∇s(κτgn�1nα)�N∇s[tα∇s(κτg

n�1nα)]

}
dl (3.94)
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With Eqs. (3.84-3.94), all the variations of the line energy Eq. (3.2) are obtained. We can
therefore calculate forces from a Hamiltonian consisting of line curvature scalars. While we will
not explore the numerical impacts of all terms in the Hamiltonian Eq. (3.1) and Eq. (3.2), we
have provided useful theoretical calculations for a model beyond the canonical curvature squared
Helfrich theory. These calculations are decoupled from the numerical schemes presented in the rest
of the thesis and can be used in any kinds of applications that adopts a more general description
of elastic bilayers.
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Chapter 4
The Level Set Framework and High Order
Schemes for Reinitialization and Extrapola-
tion
A wide range of natural phenomena involves the motion of dynamic interfaces. When an elastic
ball hits a rigid wall, its shape deforms. A fish undulates in order to swim. The surface of a soap
bubble quivers from the air currents that keep it afloat. Beams bend, flags flutter, and seas swell.
Even the membranes of the cells that comprise our bodies ruffle, protrude, invaginate, and pinch off.
In some cases, the motions of these interfaces involve the dynamics of surface bound components,
such as the proteins and lipids that diffuse and react on cell membranes. The level set method,
introduced by Osher and Sethian [osher1988fronts], is an extremely simple and elegant numerical
framework for these kinds of problems [salac2011level, laadhari2017fully].

4.1 The Level Set Method

4.1.1 The Level Set Equation, Reinitialization Equation and Extrapola-
tion Equation

In practice, a moving interface is usually represented implicitly as the zero level set �(t) of a signed
distance function φ(x, t) in the embedding space Rn (n=2 for a curve and n=3 for a surface),
i.e., �(t)= {x| φ(x, t)=0,x∈Rn}. The dynamics of �(t) under a velocity field V is then captured
by the level set equation [osher1988fronts]:

∂φ
∂t

+V ·∇φ=0. (4.1)

Due to the embedding, requirement on computational storage and intensity is an order of
magnitude higher than the usual Lagrangian method (N2 compared to N for a one dimensional
surface and N3 compared to N2 for a two dimensional surface). To ameliorate this problem,
Adalesteinsson and Sethian [adalsteinsson1995fast] introduced a variant called narrow banded
level set method where only grids near the interface were updated. Even higher efficiency can
be achieved by the use of QuadTree or OctTree data structures [strain1999fast].

Under a general velocity field, φ(x, t) will not remain a signed distance function. For the sake
of numerical accuracy and stability, φ(x, t) needs to to restored to a signed distance function from
time to time. This is called reinitialization, an idea introduced by Chopp [chopp1991computing]
to remedy numerical stability and accuracy issues with the level set method. The issue of reinitial-
ization has been extensively investigated since the birth of level set method. One way to do this
is to solve the reinitialization equation by Sussman [sussman1994level]

∂φ
∂τ

+ sign(φ0)(|∇φ| � 1)= 0 (4.2)

in a pseudo time domain. Eq. (4.2) restores φ to a signed distance function when iterated to
equilibrium. Improved numerical schemes by Russo [russo2000remark] and Min [min2007second,
min2010reinitializing] solves the problem of motion of interfaces and loss of volume during reini-
tialization. Another approach is offered by the fast marching method [sethian1996fast] to solve
the level set equation for monotonically advancing fronts, i.e. fronts with positive normal speed.
The fast marching method solves the Eikonal equation |∇φ|=1 in N logN time where N is the
number of grid points of the domain of φ. An recent implementation of this method can be found
in [chopp2001some, chopp2009another].
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A quite different approach towards the problem of reinitialization is to extend velocities
off the front such that it remains constant along the normal direction [zhao1996variational,
adalsteinsson1999fast, peng1999pde]. This idea of extending fields off the interface is critical to solve
PDEs on a moving surface represented implicitly [xu2003eulerian, adalsteinsson2003transport,
bertalmio2001variational]. The so-called closed point method has a similar spirit and a slightly
different implementation [ruuth2008simple, macdonald2009implicit, macdonald2008level]. We shall
adopt this approach to embed surface PDEs in space. To extrapolate surface fields away from
the surface, a hyperbolic PDE advecting c in the normal direction is solved [peng1999pde]:

∂c
∂τ
+ Sign(φ)N ·∇c=0 (4.3)

where N ≡∇φ/|∇φ| is the normal of the interface and c represents the scalar field that is being
extended away from the surface.

4.1.2 The Level Set Method for Implicit Curves
Dynamics of codimensional two objects in three dimensional Euclidean space, i.e. space
curves or curves embedded in a surface, can be represented with systems of level set equa-
tions [burchard2001motion]. We follow the methodology developed in [burchard2001motion,
cheng2002motion] to evolve a curve embedded in the surface which in our model will represent
phase boundaries.

Under a given velocity field V , the dynamics of the curve is governed by two level set equations
evolving both φ and ψ

∂φ
∂t

+V ·∇φ = 0 (4.4)

∂ψ
∂t

+V ·∇ψ = 0. (4.5)

For the sake of numerical accuracy and stability, ψ needs also to be reinitialized from time to time
[burchard2001motion, cheng2002motion] by first solving

∂ψ
∂τ

+ sign(ψ)(|∇||ψ | � 1) = 0 (4.6)

and then solving

∂ψ
∂τ

+ sign(φ) ∇φ|∇φ| ·∇ψ = 0 (4.7)

where the first equation makes ψ a signed distance function on the level surface φ= 0 and the
second one makes level sets of ψ orthogonal to the surface. Those properties will prove important
when we need to discretize delta function of a codimension two object [towers2009discretizing].
Note that the advection velocity for the curve and surface need not to be the same if they have
different physical origins. Suppose the relative motion of the curve on the surface is dictated by a
velocity field V and that of a surface by U . Then the dynamics of the system is

∂φ
∂t

+U ·∇φ = 0 (4.8)

∂ψ
∂t

+(U +V ) ·∇ψ = 0, (4.9)

which says that the curve also moves along with the surface [cheng2002motion]. Equations like
those also appear in the region tracking algorithms [bertalmio1999region].

4.2 Discretization of Geometries in the Level Set Framework
With the level set method, a two dimensional surface P is represented implicitly as the zero level
set of the level set function φ(Z) in the three dimensional space

P = {R(Z)|φ(Z)=0}. (4.10)
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A strength of the level set formalism is that it allows irregular surfaces to be defined implicitly on
a regular grid, such as a simple, rectangular Cartesian grid. Computing geometric properties of an
implicit interface represented by the level set function φ(x, y, z) is then much easier than that for
a triangulated surface. Most of the geometrical information about the interface is encoded in the
gradient ∇φ and Hessian H(φ) of φ, which in Cartesian coordinates are defined as

∇φ = ( φx φy φz ) (4.11)

Hessian(φ) =




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz



. (4.12)

4.2.1 Surface Normals and Surface Curvature
Suppose that the surface is represented implicitly as the zero level set contour of the signed distance
function φ(Z1, Z2, Z3) and φ< 0 inside. Then by this convention, we choose the normal to the
surface to point into the region where φ> 0. The orientation of surface coordinates is then chosen
such that N · (S1×S2)> 0. By this convention, the normal of the surface can be represented by

N =
∇φ
|∇φ| , N

i=
∇iφ

∇jφ∇jφ
√ . (4.13)

The tensor product of ∇ and N encodes curvature information,

∇jNi = ∇j

(
∇iφ
|∇φ|

)
=
∇j∇iφ
|∇φ| �

∇iφ
2|∇φ|3∇

j(∇kφ∇kφ) =
∇j∇iφ
|∇φ| �

∇iφ
|∇φ|3∇

j∇kφ∇kφ

=
1

|∇φ|3(|∇φ|
2∇j∇iφ�∇iφ∇kφ∇j∇kφ)

= (δk
mδi

n� δimδkn)
∇mφ∇kφ∇j∇nφ

|∇φ|3 = δki
mn∇mφ∇kφ∇j∇nφ

|∇φ|3 (4.14)

and the vector (matrix) form is

∇⊗N

=
Hessian(φ)
|∇φ| � 1

|∇φ|3Hessian(φ)⊗ (∇φ)T ⊗∇φ (4.15)

=
1

|∇φ|




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz



� 1
|∇φ|3




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz








φx
φy
φz



( φx φy φz )

=
1

|∇φ|




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz



� 1
|∇φ|3




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz








φxφx φxφy φxφz
φyφx φyφy φyφz
φzφx φzφy φzφz





=
1

|∇φ|




φxx φxy φxz
φyx φyy φyz
φzx φzy φzz



� 1
|∇φ|3 ×





φxxφx
2+ φxyφyφx+ φxzφzφx φxxφxφy+ φxyφy

2+ φxzφzφy φxxφxφz+ φxyφyφz+ φxzφz
2

φyxφx
2+ φyyφyφx+ φyzφzφx φyxφxφy+ φyyφy

2+ φyzφzφy φyxφxφz+ φyyφyφz+ φyzφz
2

φzxφx
2+ φzyφyφx+ φzzφzφx φzxφxφy+ φzyφy

2+ φzzφzφy φzxφxφz+ φzyφyφz+ φzzφz
2



.

Remark 4.1. In this embedding,

Nj∇jNi = δki
mn∇mφ∇kφ∇jφ∇j∇nφ

|∇φ|4 = δki
mn∇mφ∇kφ∇jφ∇n∇jφ

|∇φ|4

= δki
mn∇mφ∇kφ∇n(∇jφ∇jφ)

2|∇φ|4 = δki
mn∇mφ∇kφ∇n|∇φ|2

2|∇φ|4
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Thus ∂Ni/∂N will be zero if |∇φ| is a constant. In particular, if φ is a signed distance map, the
normal derivative of the components of the surface normal vector is zero.

To find the expression for mean curvature and Gaussian curvature, we first note that the
curvature tensor Bβα can be written as

Bβ
α = �Zβi∇αNi=�ZβiZjα∇jNi. (4.16)

The mean curvature is

KM = Bα
α=�ZiαZα

j∇jN i=(N jNi� δi
j)∇jN i=�∇iN i=�δkimn∇mφ∇kφ∇i∇nφ

|∇φ|3 (4.17)

= � 1
|∇φ|3(|∇φ|

2∇i∇iφ�∇iφ∇kφ∇i∇kφ). (4.18)

The Gaussian curvature is 2K=(KM)2�Bα
βBβ

α. Thus we need to calculate Bα
βBβ

α:

Bα
βBβ

α = Zα
mZn

β∇nNmZβ
iZj

α∇jNi=Zα
mZj

αZn
βZβ

i∇nNm∇jNi

= (δj
m�NmNj)(δn

i �N iNn)∇nNm∇jNi

= (δj
m�NmNj)∇iNm∇jNi=∇iNj∇jNi. (4.19)

Therefore,

K

=
1
2!
(∇iNi∇jNj �∇jNi∇iNj) =

1
2!
(δj
mδi

n� δimδjn)∇jNm∇iNn=
1
2!
δji
mn∇jNm∇iNn

=
1
2!
δji
mnδkm

rs ∇rφ∇kφ∇j∇sφ
|∇φ|3 δln

uv∇uφ∇lφ∇i∇vφ
|∇φ|3

=
1
2!

1
|∇φ|6δji

mnδkm
rs δln

uv∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

=
1
2!

1
|∇φ|6(δj

mδi
n� δimδjn)δkmrs δlnuv∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

=
1
2!

1
|∇φ|6(δkj

rsδli
uv� δkirsδljuv)∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

=
∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

2|∇φ|6 [(δk
rδj
s� δjrδks)(δluδiv� δiuδlv)� (δkrδis� δirδks)(δluδjv� δjuδlv)]

=
∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

2|∇φ|6 [δk
r(δj

sδli
uv� δisδljuv)+ δlu(δjvδirδks� δivδjrδks)+ δjrδksδiuδlv� δirδksδjuδlv]

=
∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

2|∇φ|6 [δk
r(δj

sδli
uv� δisδljuv)+ δkr(δjvδiuδls� δivδjuδls)+ δjrδksδiuδlv� δirδksδjuδlv]

=
1

2|∇φ|6∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφδk
rδjli
suv

=
1

2|∇φ|4∇uφ∇lφ∇j∇sφ∇i∇vφδjli
suv

=
1

|∇φ|4∇uφ∇lφ

(
1
2!
δjil
svu∇j∇sφ∇i∇vφ

)
(4.20)

where we used

δk
r(δj

sδli
uv� δisδljuv)+ δkr(δjvδiuδls� δivδjuδls)= δkr(δjsδliuv� δisδljuv) + δkrδlsδjivu

= δk
r(δj

sδli
uv� δisδljuv+ δlsδjivu)= δkr(δjsδliuv� δlsδjiuv+ δisδjluv)= δkrδjlisuv

and
∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

2|∇φ|6 (δj
rδk
sδi
uδl

v� δirδksδjuδlv)

=
∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ

2|∇φ|6 δj
rδk
sδi
uδl

v� ∇rφ∇kφ∇uφ∇lφ∇j∇sφ∇i∇vφ
2|∇φ|6 δi

rδk
sδj
uδl
v

=
∇rφ∇kφ∇uφ∇lφ∇r∇kφ∇u∇lφ

2|∇φ|6 � ∇iφ∇sφ∇jφ∇vφ∇j∇sφ∇i∇vφ
2|∇φ|6 =0.
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Summarily,

N =
∇iφ

∇jφ∇jφ
√ Zi (4.21)

KM = �∇iN i=� 1
|∇φ|3δki

mn∇mφ∇kφ∇i∇nφ=�
1

|∇φ|3(|∇φ|
2∇i∇iφ�∇iφ∇kφ∇i∇kφ) (4.22)

K =
1
2!
δji
mn∇jNm∇iNn=

1
|∇φ|4∇uφ∇lφ

(
1
2!
δjil
svu∇j∇sφ∇i∇vφ

)
. (4.23)

Note that
� 1
2!
δjil
svu∇j∇sφ∇i∇vφ

)
is the cofactor matrix of ∇i∇jφ. If Z i = {x, y, z}, then

the above covariant formula for KM and K reduces to the expression given by Goldman
[goldman2005curvature]. Since our formula is covariant, it applies to general curvilinear coor-
dinates as well. This facilitates applications with spherical or cylindrical symmetries.

In Cartesian coordinates, the normal is

N =
∇φ
|∇φ| =

1
|∇φ|( φx φy φz ). (4.24)

We also need the cofactor matrix of the Hessian

H∗(φ) =




φyyφzz� φzyφyz φzxφyz� φyxφzz φyxφzy� φzxφyy
φzyφxz� φxyφzz φxxφzz� φzxφxz φzxφxy� φxxφzy
φxyφyz� φyyφxz φxzφyx� φxxφyz φxxφyy� φyxφxy



 (4.25)

The mean curvature KM in Cartesian coordinates is

KM = � 1
|∇φ|3(|∇φ|
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�|∇φ|2Trace(Hessian(φ))+∇φ⊗Hessian(φ)⊗ (∇φ)T

|∇φ|3 (4.26)
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which gives �2 for a unit sphere. Note that KM |∇φ| can be split into a linear operator on
φ and a nonlinear operator on φ. This operator splitting can play a crucial role in designing
a stable scheme for curvature involved surface propagation [smereka2003semi, xu2003eulerian,
duchemin2014explicit].

The Gaussian curvature K is

K =
1

|∇φ|4∇uφ∇lφ

(
1
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4.2.2 Surface Integral and Volume Integral

Since the surface is represented implicitly, all surface integrals need to be calculated as volume
integrals. Let us use (S1, S2, φ) as the coordinates for the three dimensional Euclidean space near
the surface. Then, with the help of the Dirac delta function δ(φ), a surface integral over a function
f can be written as

I =

∫
f(S)dA=

∫
f(S)δ(φ)dAdφ. (4.29)
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Note that the first integral is taken over the coordinate space (S1, S2) which is mapped to the
surface and the second integral is take over the the coordinate space (S1, S2, φ) where φ= 0 is
mapped to the surface and we assume that the mapping {S1, S2, φ}→R3 is smooth and that
coordinate lines Sα= constant is perpendicular to level set surface of constant φ. Now consider
the coordinate lines Sα= const parametrized by φ. We can make a change of variable from φ to
arclength s and write

I =

∫
f(S)δ(φ)

dφ
ds
dAds=

∫
f(S)δ(φ)N ·∇φdV =

∫
f(S)δ(φ)|∇φ|dV (4.30)

where we see that dφ/ds=∇sφ=N ·∇φ= |∇φ| is just the invariant derivative of φ along the s
axis and dV is the invariant volume element. Therefore we may write

∫

P
f(S)dA =

∫

Ω
F (R)δ(φ)|∇φ|dV (4.31)

where P = {R∈Ω|φ(R) = 0} is a two dimensional subset of Ω⊂R3 such that φ(R∈P) = 0 and
the restriction of F to P agrees with the value of f on P . The Hausdorff measure (surface area)
and Lesbegue measure (volume) are

A= |�(t)| =
∫
δ(φ)|∇φ|dV (4.32)

V = |Ω(t)| =
∫
H(�φ)dV , (4.33)

where H(x) is the Heaviside function. Now suppose that f(S) represents surface density of some-
thing (protein, lipids, force etc.), then F (R)δ(φ)|∇φ| will represent volume density, which tells us
how to embedded surface quantities in space numerically, for example, embedding boundary forces
in bulk. Note that if φ is replaced by another function φ̃ such that φ′(φ̃)> 0 and that they have
the same zero level set contour, then because δ(φ)|∇φ|= δ(φ̃)|∇φ̃|, F (R)δ(φ)|∇φ| will remain
unchanged. This is a necessary requirement for the use of reinitialization scheme in the level set
method, which replaces φ with a signed distance function having the same zero level set. In the
extension step, F is replaced by another F̃ having a vanishing normal derivative. This also keeps
Fδ(φ)|∇φ| unchanged.

4.2.2.1 Smeared Dirac-Delta Function and Heaviside Function

The common practice in the level set method to discretize the Dirac-Delta function and Heaviside
function is to smear them out to a bandwise of ε= 1.5∆x around the interface [osher2006level]:
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(4.34)

and

δ(φ) =
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πφ

ε

)
�ε≤ φ≤ ε

0 ε< φ.

. (4.35)

This discretization, however, can lead to systematicO(1) errors in trivial numerical experiments such
as computing length of a straight line titled to the grid axis with some angle [tornberg2004numerical].
Several numerical schemes for approximating δ(φ) and H(φ) were then proposed to address this
convergence issue. Engquist proposed to use information in local gradient of the level set func-
tion to modify ε [engquist2005discretization]. Smereka borrowed a technique from Green’s function
theory to discretize the delta function [smereka2006numerical]. We shall adopt a finite differ-
ence method developed by Towers in a series of papers [towers2007two, towers2008convergence,
towers2009discretizing, towers2009finite] to discretize δ(φ) and H(φ).
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Following [towers2007two], we define I(φ)=
∫
0

φ
H(ζ)dζ =max (φ, 0) on the grid. Then,

∇I(φ) = H(φ)∇φ (4.36)
∆I(φ) = ∇H(φ) ·∇φ+H(φ)∆φ= δ(φ)|∇φ|2+H(φ)∆φ. (4.37)

and

∆H = ∇ ·∇H =∇ · (∇φδ(φ))= δ(φ)∆φ+∇φ ·∇δ(φ) (4.38)

Solving for H(φ) and δ(φ) from the above relations gives

H(φ) =
∇I ·∇φ
|∇φ|2 (4.39)

δ(φ) =
∆I(φ)�H(φ)∆φ

|∇φ|2 =
∆I(φ)
|∇φ|2 �

(∇I ·∇φ)∆φ
|∇φ|4 . (4.40)

∇φ
|∇φ| ·∇δ(φ) =

∆H � δ(φ)∆φ
|∇φ| (4.41)

Since I(φ) is way more regular than H(φ) and δ(φ), we do not need to smear it and simple finite
difference schemes can be employed to calculate all the derivatives. Far away from the interface,
H(φ) and δ(φ) becomes trivial and we can use sign of the signed distance function to determine
its value. Note that in [towers2009finite], the primitive of I is used to calculate I(φ) and H(φ).

The above ideas can be generalized to calculate multi-dimensional delta functions
[towers2009discretizing], which appears in integrals on a codimension d �m manifold � repre-
sented by the intersection of the zero level sets of m level set functions φi, i= 1, 2 · · ·m in a
d-dimensional space parametrized by Z i, i=1, 2· · ·d

∫

�
f(S)dS =

∫

Ω
f̂(Z)Πi=1

m δ(φi(Z))|∧m∇φi|dΩ (4.42)

where dΩ is the invariant volume element in d-dimensional space, S is some parametrization of �,
dS is the invariant volume element in �, f̂(Z) is a function defined over Ω which when restricted
to � agrees with f and ∧ is the wedge product. Consider the case m=2, d=1. Let us denote the
two level set functions by φ and ψ. Then [towers2009discretizing]

∇H(φ)∧∇H(ψ) = δ(φ)δ(ψ)∇φ∧∇ψ (4.43)

and

δ(φ)δ(ψ) =
(∇φ∧∇ψ) · (∇H(φ)∧∇H(ψ))

|∇φ∧∇ψ |2 (4.44)

where ∧ becomes vector product for two arguments and H(φ) can be either a smeared version or

calculated from I and possibly J(φ) =
∫
0

φ
I(ζ)dζ =

{
φ2/2 φ≥ 0
0 φ< 0

. Formula for other cases can be

generalized easily. In [towers2009discretizing], it was shown that to obtain convergence φ,ψ should
be signed distance functions and their zero level sets should be orthogonal to each other and their
normals should be parallel to the grid axis. The last condition can be hard to satisfy but the first
two can be enforced.

4.2.2.2 Discretization of Embedded Curve Geometry

Phase boundaries and open edges of membranes can be numerically described as the zero level set
of a vector function (φ(Z),ψ(Z)) [burchard2001motion]. This idea is then borrowed by Wang with
a phase field approach to the simulation of multi-component lipid membranes [wang2008modelling].
Their Hamiltonian for the phase boundary, however, contains only the zeroth order term from the
more general Hamiltonian Eq. (3.2) and is therefore unable to describe more realistic effects of the
boundary energy.
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Following [burchard2001motion], a closed curve � embedded in the surface P = {R(Z)|φ(Z)=
0} is represented by �= {R(Z)|φ(Z) = 0, ψ(Z) = 0}. Then � separates P into two regions corre-
sponding to ψ>0 and ψ< 0. We shall choose the orientation of � such that as we move along the
tangential direction t of � with our head pointing to the N direction, the ψ< 0 region is to our
left. Furthermore, we choose the direction of the normal n to be pointing into the ψ > 0 region.
With this convention, {n, t,N } forms a right-handed coordinate system. The geometries of � can
then be expressed in terms of φ(Z) and ψ(Z).

The tangent vector is

T = ∇φ×∇ψ=Tt, (4.45)

where T = |T | and t is the unit tangent

t =
∇φ×∇ψ
|∇φ×∇ψ | . (4.46)

The unit normal n is

n = t×N . (4.47)

The invariant derivatives ∇s and ∇⊥ are

∇s = t ·∇= ti∇i (4.48)
∇⊥ = n ·∇=ni∇i. (4.49)

The geodesic curvature is

kg = n ·∇st=ni∇sti=nitj∇jti (4.50).

The normal curvature is

kn = N ·∇st=N i∇sti=N itj∇jti
= �t ·∇sN =�ti∇sNi=�titj∇jNi. (4.51)

The geodesic torsion is

τg = �t ·∇⊥N =�ti∇⊥Ni=�tinj∇jNi. (4.52)

B⊥ is

B⊥ = �n ·∇⊥N =�ni∇⊥Ni=�ninj∇jNi. (4.53)

As can be seen, kn, τg, B⊥ are components of ∇⊗N in the Darboux frame. For numerical com-
putation of kg, we first calculate

∇st = ∇s
T
T
=
∇sT
T

+T∇s

(
1
T

)
. (4.54)

Then

kg=n ·∇st=
1
T
n ·∇sT =

1
T
n · (∇s∇φ×∇ψ+∇φ×∇s∇ψ), (4.55)

where∇s∇φ and∇s∇ψ should be calculated as∇s∇φ=∇s∇iφZi= tj∇j∇iφZi,∇s∇ψ=∇s∇iψZi=
tj∇j∇iψZi so that the second derivatives of φ, ψ are directly discretized.

4.2.3 Curve Integral and Curve Length
The integral of a scalar field F over � can be computed as a volume integral

∫

�
F (s)dl=

∫

Ω
F̂ (R)δ(φ)δ(ψ)|∇φ×∇ψ |dV . (4.56)
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The length of the curve can be written as [burchard2001motion]

L(φ, ψ) =

∫

Ω
δ(φ)δ(ψ)|∇||ψ ||∇φ|dΩ=

∫

Ω
δ(φ)δ(ψ)|∇φ×∇ψ |dΩ, (4.57)

where we used

|∇||ψ |2 = |∇ψ�NN ·∇ψ |2= |∇ψ |2+ |N ·∇ψ |2� 2|N ·∇ψ |2

= |∇ψ |2|N |2� |N ·∇ψ |2= |N ×∇ψ |2=
(
|∇φ×∇ψ |
|∇φ|

)
2

. (4.58)

4.3 Sixth-Order Accurate Schemes for Reinitialization and
Extrapolation

Mathematically modeling dynamics in these problems can be challenging when high-order, non-
linear partial differential equations are involved. For instance, the force density for a thin elastic
surface with bending rigidity is proportional to the Laplacian of the mean curvature of the surface
[helfrich1973elastic]. Simulation of thin surfaces, such as cell membranes, then requires calculation
of second order derivatives of the surface mean curvature, which includes fourth order derivatives
of the surface position [helfrich1973elastic]. The Cahn-Hillard equation describing phase separation
on a surface, as occurs in the formation of lipid rafts [sezgin2017], leads to fourth order derivatives
of an order parameter [greer2006fourth]. To accurately capture these dynamics in the level set
framework, convergent methods for fourth order derivatives of the level set function and the surface
fields are necessary, which requires the level set function to be locally smooth and the extrapolation
scheme to be very accurate. Existing methods do not provide sufficient accuracy to address these
types of problems [du2008second, guckenberger2016bending]. Therefore, we develop a method
here that can be used accurately preserve geometric properties, such as high order derivatives of
the shape, of dynamic interfaces and can also be used to extrapolate information defined on those
surfaces.

Both Eq. (4.2) and Eq. (4.3) are Hamilton-Jacobi equations with initial and boundary condi-
tions

∂ψ
∂τ

+H(ψ,∇ψ)= 0 (4.59)

where H is the corresponding Hamiltonian. Successful techniques for solving Hamilton-Jacobi
equations depend on construction of the numerical Hamiltonian [bardi1991nonconvex], time dis-
cretization [shu1988efficient] and space discretization [jiang1996efficient, jiang2000weighted], and
accurate methods have been developed and extensively tested numerically. For spatial discretization,
the weighted, essentially-non-oscillatory (WENO) scheme is often used [jiang2000weighted]. This
method uses divided differences to determine the smoothness of various approximations to the
first derivative, and then weights the various approximations to achieve a smooth, and poten-
tially fifth-order accurate, estimate of the derivative. While this scheme works well when solving
the level set equation (Eq. (4.1)), application of the WENO scheme to the reinitialization equa-
tion (Eq. (4.2)) can yield poor results [jiang2000weighted]. The reason for the poor accuracy
was pointed out by Russo and Smereka [russo2000remark], and they developed a second order
accurate remedy by modifying the treatment of Eq. (4.2) near the boundary. Based on the results
of Russo and Smereka, Chéné and Min [du2008second] obtained a fourth order accurate reini-
tialization scheme by adopting a cubic ENO interpolation near the boundary and an HJ-WENO
scheme away from the boundary.

In this section, we further develop the ideas in [russo2000remark] and [du2008second] to design a
novel sixth-order accurate scheme for Hamilton-Jacobi equations with boundary condition specified
at the zero of a level set function. Note that because Eqs. (2-3) are hyperbolic, information defined
at the zero level set is propagated away from the implicit boundary and an additional boundary
condition at the edge of the computational domain is not needed.
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Hamilton-Jacobi equations (Eq. (4.59)) involve directionality in the flow of information that
carries the function ψ at one time to its values at later times. As such, it is crucial to use an upwind
spatial discretization along with an accurate time stepping routine. In this section, we describe
the standard spatial and temporal discretization schemes that are used with the level set method
and then provide a detailed description of our modification to the ENO scheme for non-uniform
grids that was originally developed in [du2008second].

All of our computations are carried out on three dimensional Cartesian grids, with the level set
function and its geometry fields (normals, curvatures etc.) defined at the nodes of the grid. Fourth
order finite difference schemes are used to compute derivatives in Eq. (4.11-4.55). For instance
[chopp1999motion],

φx =
1

12∆x
(�φi+2,j,k+8φi+1,j,k� 8φi�1,j,k+ φi�2,j,k) (4.60)

φxx =
1

12(∆x)2
(�φi+2,j,k+ 16φi+1,j,k� 30φi,j,k+ 16φi�1,j,k� φi�2,j,k) (4.61)

φxy =
1

48∆x∆y

(
�φi+2,j+2,k+ 16φi+1,j+1,k+ φi�2,j+2,k� 16φi�1,j+1,k
+φi+2,j�2,k� 16φi+1,j�1,k� φi�2,j�2,k+ 16φi�1,j�1,k

)
, (4.62)

with similar constructions for the derivatives along the other directions.

4.3.1 Spatial Discretization

Eq. (4.59) can be written in a semi-discrete form as

∂ψ
∂τ

+ Ĥ(Dx
�ψ , Dx

+ψ;Dy
�ψ, Dy

+ψ;Dz
�ψ, Dz

+ψ)= 0 (4.63)

where Dx
±ψ, Dy

±ψ , Dz
±ψ are the one-sided derivatives of ψ and Ĥ(Dx

�ψ, Dx
+ψ; . . . ) is a numerical

approximation of H(ψ ,∇ψ). Among all monotone schemes to construct Ĥ, Godunov schemes intro-
duce the least numerical diffusion and will be used for our solution. Godunov schemes, however,
can be difficult to implement numerically for a general Hamiltonian, with specific Hamiltonians
requiring their own specific treatment. For the reinitialization equation (Eq. (4.2)),

H(φ,∇φ)= Sign(φ0)(|∇φ| � 1)

and

Ĥ(Dx
�ψ, Dx

+ψ;Dy
�ψ, Dy

+ψ;Dz
�ψ, Dz

+ψ) =Sign(φ0)
{

φx
2+ φy

2+ φz
2

√
� 1
}

(4.64)

where

φx
2≡max (max (Dx

�φ, 0)2,min (Dx
+φ, 0)2) (4.65)

when Sign(φ0)> 0 and

φx
2≡max (min (Dx

�φ, 0)2,max (Dx
+φ, 0)2) (4.66)

when Sign(φ0)≤ 0. φy2 and φz2 are defined similarly. For the extrapolation equation (Eq. (4.3)),

H(∇c)= Sign(φ)N ·∇c (4.67)

and

Ĥ(Dx
�c,Dx

+c;Dy
�c,Dy

+c;Dz
�c,Dz

+c)=
∑

i=x,y,z

{min (Vi, 0)Di
+c+max (Vi, 0)Di

�c}. (4.68)

where we define V ≡Sign(φ)N . Numerically, Sign(φ) can take a value among 1,�1 and 0. We set
Sign(φ) to be zero when abs(φ)< 10�6×∆x, where ∆x is the grid spacing.
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4.3.2 One-Sided WENO Derivatives on a Nonuniform Grid

Solving the reinitialization equation (Eq. (4.2)) or extension equation (Eqs. (4.3)), requires for-
ward and backward one-sided derivatives. For nodes not immediately next to the boundary, the
standard WENO schemes from Jiang [jiang2000weighted, jiang1996efficient] can be applied to
calculate these derivatives. However, for nodes immediately next to the boundary, special treat-
ments are usually needed [russo2000remark, du2008second]. In [du2008second], the subcell fix
from [russo2000remark] was augmented using general ENO reconstructions to achieve 4th order
accuracy. Here, we utilize the conceptual method for converting from ENO to WENO derivatives
in order to further improve the scheme of [du2008second], such that our method can achieve an
optimal 6th order accuracy when solving HJ equations involving level set defined boundaries
conditions. The key point is to develop WENO schemes for non-uniform grids and then apply this
more general WENO scheme to calculate one-sided derivatives for boundary nodes.

x
−3 x

−2 x
−1 x0 x2 x3 x4x1

boundary curve

Figure 4.1. When the boundary passes between nodes x0 and x2, an accurate estimate for the off-grid
location of the boundary x1 is used when calculating the one-sided WENO derivatives for x0 and x2.

4.3.2.1 Computation of the Location of the Boundary

In three dimensional space, the boundary defined by the zero level set of φ(x, y, z) is a two dimen-
sional surface. To compute the one-sided WENO derivatives near the boundary with sufficient
accuracy, we need to locate the points where the zero contour crosses between grid nodes. We
define a grid node at point (x0, y0, z0) to be a boundary node if φ(x0, y0, z0) differs in sign from
any of its six nearest neighbors on the Cartesian grid.

For instance, if φ(x0, y0, z0)φ(x0+∆x, y0, z0)< 0, both (x0, y0, z0) and (x0+∆x, y0, z0) are
boundary nodes. To compute Dx

±φ at (x0, y0, z0) and (x0+∆x, y0, z0), we begin by localizing the
crossing between the boundary and the line segment (x0+ ξ∆x, y0, z0), ξ∈ (0,1). This is illustrated
in Figure 4.1, where the boundary passes between x0 and x2 at the location defined as x1. Note
that all the nodes shown are grid nodes except for x1.For this calculation, we are only concerned
with the crossing point along the x direction. Crossing points along the y and z directions are
handled in an identical manner.

When φ(x0)φ(x�1)< 0 or φ(x2)φ(x3)< 0, there is a kink near x0 or x2. We then use (x�1,
φ�1), (x0, φ0), (x2, φ2), (x3, φ3) to construct a quadratic ENO polynomial of φ and the root
x1 of this polynomial approximates the boundary location [min2010reinitializing]. In particular
[min2010reinitializing],

x1 =






x0+∆x
(
1

2
+ φ0� φ2� sign(φ0� φ2) D

√

φxx
0

)
if |φxx0 |> 10�10

x0+∆x
φ0

φ0� φ2
else

(4.69)

where φxx
0 =minmod(φ�1 � 2φ0+ φ2, φ0 � 2φ2+ φ3), D = (φxx

0 /2� φ0� φ2)2� 4φ0φ2 and the
minmod function is defined as
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minmod(α, β)=






0 if αβ! 0
α if αβ> 0 and |α|! |β |
β if αβ> 0 and |α|> |β |

. (4.70)

When a kink is not present near x0 and x2, we construct a 5th order Lagrange polynomial
that interpolates through (xi, φi), i∈ {�2,�1, 0, 2, 3, 4} and use Brent’s method to find the root
x1 that lies between x0 and x2. Then (x1, φ1= 0) is included in the stencil to construct Dx

±φ at
x0 and x2. For later use, we define ∆x+=x1�x0, which is the distance between node (x0, y0, z0)
and the boundary along the positive x direction. If the boundary is to the left of x0 in Figure 4.1,
this distance is then denoted as ∆x�, which will be the distance between node (x0, y0, z0) and the
boundary along the negative x direction. In a similar way, we can define ∆y± and∆z± for the
boundary nodes.

For an advected field ψ other than the level set function φ, a Lagrange polynomial l5(x)
interpolating through (xi, ψi), i∈{�2,�1, 0, 2, 3, 4} is constructed and (x1, l5(x1)) will be included
in the stencil to construct Dx

±ψ at x0 and x2.
In our analysis, we assumed that the zero level set is sufficiently far off from the boundary of the

grid mesh so that we can always find enough grid points near the boundary to do the interpolation
mentioned above. The accuracy of the boundary location procedure depends on the smoothness of
the boundary and the advected field. Near a kink, the boundary location can only be determined
with first order accuracy and the algorithm is then only first order accurate [min2010reinitializing].

The computation of boundary locations and the interpolation of other advected fields is carried
out in a dimension by dimension manner. This process applies in the same way, regardless of the
dimensionality of the problem.

4.3.2.2 Computation of WENO Derivatives

To compute the one-sided derivatives at node x0, we begin by defining a seven-point stencil about
this node (Figure 4.2). Note that when x0 is a boundary node as is shown in Figure 4.1, the
node (x1, ψ1) on the boundary should be included in the stencil, in which case the stencil will be
nonuniform. In all other cases, the stencil is uniform. We maintain full generality by allowing all
of the nodes to be non-uniformly spaced.

S1
−

S2
−

S3
−

x
−2 x

−1 x1 x2 x3

ψ
−3 ψ

−1ψ
−2 ψ1 ψ3ψ2

x
−3 x0

ψ0

S0

S3
+

S2
+

S1
+

Figure 4.2. A general, nonuniform, seven-point stencil, S0, is used to find backward and forward deriv-
atives at x0. In the WENO scheme, the full stencil is broken into substencils (Sj

±), and the derivative is
approximated on each of these substencils. A weighted average of these approximations is then used to
define the forward and backward WENO derivatives.
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To compute Dx
�ψ(x0), a left biased stencil S�= {(xi, ψi)|i ∈ {�3,�2,�1, 0, 1, 2}} should be

used. The first step is to break S� into three candidate ENO (essentially non-oscillatory) stencils
Si
�, i=1, 2, 3 and approximate ψ(x) on those stencils with polynomial interpolations pi

�(x), i=1,
2, 3. For instance, p2

�(x) will be a third order polynomial interpolating through all points in

S2
�={(xi,ψi)|i∈{�2,�1,0,1}} and u2�≡

dp2
�(x)

dx
|x=x0 will be a candidate for Dx

�ψ(x0) in the ENO
scheme. It is straightforward to compute all ui

�, i=1, 2, 3 and the results are [smit2005grid]
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ū�5

2
� ū�3
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ū1
2
� ū�1
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� ū1

2

)
�
(

x1�x0
x2�x�1

)(
x0�x�1
x2�x0

)(
ū3
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(4.71)

where ūr+ 1

2
, r ∈ {�3,�2,�1, 0, 1, 1} are first Newton divided differences defined as

ūr+ 1

2
=
ψr+1� ψr
xr+1�xr

. (4.72)

The expressions for uj
+ can be obtained by the following reflection transformation:

xr→x�r, ūr+ 1

2
→ ū�

(
r+

1

2

). (4.73)

In what follows, we will only list formula with superscript � since those with superscript + can
be obtained from reflection using Eq. (4.73).

In the ENO schemes introduced by Harten and Osher [harten1987uniformly], Dx
�ψ(x0) is

approximated by the ui
� from Eq. (4.71), which corresponds to the substencil Si

� where ψ(x)
varies most smoothly. Consequently, ENO schemes approximate Dx

�ψ(x0) with only third order
accuracy on a six point stencil S�, since information from the other substencils are not used.
WENO schemes use the same substencil approximations to the first derivatives, u1

�, u2
�, u3

�, but
employ a convex combination

∑
i=1
3 ωi

�ui
� of the substencil derivatives to approximate Dx

�ψ(x0),
thereby increasing the accuracy up to potentially 5th order [liu1994weighted].

When ψ(x) is smooth over all stencils, the weights ωi
� should approximately cancel truncation

errors in ui
� to achieve optimal accuracy. Let us denote by Ci

� weights that will give the optimal
fifth order accuracy for Dx

�ψ(x0). In other words, if a fifth order polynomial p�(x) is constructed
to interpolate through all points in S�, the optimal weights Ci

� should satisfy

dp�(x)
dx

|x=x0=C1�u1�+C2
�u2
�+C3

�u3
�, (4.74)

which gives uniquely [smit2005grid]
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When ψ(x) is not smooth over the full stencil, non-smooth substencils should be given smaller
weights. The smoothness indicator ISi

� for stencil Si
� is a weighted measure of the integrated square

of the 2nd and 3rd derivatives over the substencil, which is given by [jiang1996efficient],

ISi
�=

∑

l=1

2 ∫
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2

dx, (4.76)
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leading to [smit2005grid]
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where v̄i and w̄i are second and third Newton divided differences defined by

v̄i≡
1

xi+1�xi�1

(
ūi+ 1

2
� ūi�1

2

)
, w̄i+ 1

2
≡ 1
xi+2�xi�1

(v̄i+1� v̄i). (4.78)

Weights that approximate the optimal weights Ci
� in smooth regions while suppressing oscillations

in non-smooth regions are then defined by [liu1994weighted]

ωj
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�
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The WENO derivatives Dx
�ψ(x0) are then defined as

Dx
�ψ(x0) =

∑

j=1

3

ωj
�uj
�. (4.80)

When the grid is uniform, Eqs. (4.71,4.75,4.77) reduce to
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ū�1

2
+
1
3
ū1
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+3ū�1

2

)
2

(4.84)

IS2
� =

13
12

(
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+ ū3

2

)
2
+
1
4

(
3ū�1
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+ ū3

2

)
2
, (4.86)

which are the canonical formulae for the WENO scheme [jiang2000weighted]. We refer the reader
to [jiang1996efficient] for a more thorough discussion of WENO schemes and to [smit2005grid] for
WENO schemes on non-uniform grids.

4.3.3 Time Discretization
A popular time discretization for Eq. (4.63) is the third order TVD Runge-Kutta scheme
[shu1988efficient] with the following Euler steps:
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One benefit of this Runge-Kutta scheme is that relatively large CFL numbers can be used with the
WENO scheme. We use 0.3 as our CFL number. In our numerical experiments, ∆τ varies locally
and at grid (x, y, z) is defined by [min2010reinitializing]

∆τ = 0.3 ·min (∆x+,∆x�,∆y+,∆y�,∆z+,∆z�), (4.87)

where ∆x±,∆y±,∆z± are taken to be ∆x,∆y,∆z for non-boundary nodes.
In the next chapter, numerical experiments will be presented to verify order of accuracy for our
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method.

Chapter 5

Numerical Results: Sixth-Order Accurate
Schemes for Reinitialization, Extrapolation
and Computation of Geodesics

In this chapter, we present numerical experiments showing that our scheme for HJ equations with
a level set defined boundary condition is indeed sixth-order accurate.

5.1 Computation of Interfacial Curvature and Bending Forces
in 3D

A primary goal for developing a high order accurate implementation of the reinitialization equation
is to preserve the quality of geometric information stored in the distance map at a sufficient level
that the forces derived from the shape remain accurate. In problems involving elastic surfaces,
bending forces depend on the curvatures (mean and Gaussian) and the surface Laplacian of the
mean curvature. The simplest form for this force density (up to a multiplication constant) is
f =∆!KM +KM

3 � 2KMK [zhong1989bending]. In this section, we test our method’s ability to
preserve the accuracy of these quantities when an initial level set function (that is not necessarily
an exact signed distance map) is reinitialized.

As a first test, we consider a spherical surface defined by an initial level set function φ(x, y, z)=
x2+ y2+z2�(0.6)2 in the [�1,1]3 domain. This initial exact distance map is used as the seed for the
reinitialization method described in Sec. 4.3. As shown in Table 5.1 the reinitialized φ maintains
sixth-order accuracy. Using the reinitialized φ, we then compute the interfacial mean curvature
KM and Gaussian curvature K using fourth order accurate approximations to the first and second
derivatives, as described in Sec. 5.3.1 of [chopp1999motion]. We compute the L1 and L2 errors
in these quantities at the interface by integrating the error over the surface using the numerical
integration described in Sec. 4.2. The L∞ error is also determined for nodes at the boundary.
Tables 5.2 and 5.3 demonstrate fourth-order accuracy for the curvatures. Finally, using the same
approximations for the derivatives, we compute the surface Laplacian of the mean curvature, which
is found to be second-order accurate (Table 5.4). As a comparison, Table 5.5 shows accuracy results
for ∆!KM using the fourth order accurate scheme from [du2008second]. Comparing these results
from Table 5.5 with Table 9 and Table 12 in [du2008second] shows that much higher accuracy can
be achieved on a much smaller grid with our sixth-order accurate scheme.

‖φ� φh‖1 order ‖φ� φh‖2 order ‖φ� φh‖∞ order
163 7.122× 10�6 ------------ 5.283× 10�6 ------------ 8.013× 10�6 ------------
323 9.772× 10�8 6.19 6.512× 10�8 6.34 8.995× 10�8 6.48
643 2.761× 10�9 5.15 1.684× 10�9 5.27 2.252× 10�9 5.32
1283 4.384× 10�11 5.98 2.659× 10�11 5.98 3.566× 10�11 5.98

Table 5.1. Accuracy results for the reinitialized level set function φ for example in Sect.5.1 after 1000
iterations.
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‖KM � (KM)h‖1 order ‖KM � (KM)h‖2 order ‖KM � (KM)h‖∞ order
163 7.100× 10�3 ------------ 3.754× 10�3 ------------ 3.139× 10�3 ------------
323 5.066× 10�4 3.81 3.183× 10�4 3.56 3.782× 10�4 3.05
643 2.432× 10�5 4.38 1.509× 10�5 4.40 2.583× 10�5 3.87
1283 1.510× 10�6 4.01 9.700× 10�7 3.96 1.633× 10�6 3.98

Table 5.2. Accuracy results for the computation of interface mean curvature KM.

‖K �Kh‖1 order ‖K �Kh‖2 order ‖K �Kh‖∞ order
163 2.176× 10�2 ------------ 1.285× 10�2 ------------ 1.103× 10�2 ------------
323 1.141× 10�3 4.25 8.449× 10�4 3.93 1.142× 10�3 3.27
643 5.559× 10�5 4.36 3.722× 10�5 4.50 7.691× 10�5 3.89
1283 3.433× 10�6 4.02 2.451× 10�6 3.92 4.902× 10�6 3.97

Table 5.3. Accuracy results for the computation of interface Gaussian curvature K.

L1-Error order L2-Error order L∞-Error order
163 9.575× 10�1 ------------ 5.311× 10�1 ------------ 6.307× 10�1 ------------
323 1.675× 10�1 2.52 8.952× 10�2 2.57 8.912× 10�2 2.82
643 4.513× 10�2 1.89 2.898× 10�2 1.63 5.020× 10�2 0.82
1283 9.914× 10�3 2.19 6.825× 10�3 2.09 1.341× 10�2 1.90

Table 5.4. Accuracy results for the computation of the surface Laplacian of the mean curvature ∆!KM.
KM field is extended before used to compute ∆!KM. The error is computed as ‖∆!KM � (∆!KM)h‖.

L1-Error order L2-Error order L∞-Error order
163 3.197× 100 ------------ 1.949× 100 ------------ 1.916× 100 ------------
323 3.382× 100 �0.08 1.965× 100 �0.01 1.853× 100 0.05
643 5.763× 100 �0.77 5.895× 100 �1.58 1.773× 101 �3.26
1283 5.609× 100 0.04 5.574× 100 0.08 2.997× 101 �0.76

Table 5.5. Accuracy results for the computation of surface Laplacian of the mean curvature using fourth-
order accurate scheme from [du2008second]. The error is computed as ‖∆!KM � (∆!KM)h‖.

As another more complicated example, we consider the red blood cell shape
[guckenberger2016bending] given by the zero level set of

φ(x, y, z)=

(
2z
R

)
2

�
(
1� x2+ y2

R2

)(
C0+C1

x2+ y2

R2
+C2

(x2+ y2)2

R4

)
2

(5.1)

where C0=0.2072,C1=2.0026, C2=�1.1228 and R is the length of the large half-axis of the RBC
and is taken to be 1 here. Note that this function is not an exact signed distance function. The zero
level set for this φ is shown in Figure 5.1. After initializing φ according to Eq. (5.1), we reinitialize
it to be a signed distance function and calculate the mean curvature KM, Gaussian curvature K
and ∆!KM on the surface. On this more realistic shape, our scheme still produces fourth order
accuracy for the computation of interfacial mean and Gaussian curvatures (Tables 5.6 and 5.7) and
can compute ∆!KM with second order accuracy in both the L2 norm and maximum norm (Table
5.8 and Table 5.9), whereas the scheme from [du2008second] does not provide convergence for the
computation of ∆!KM. It is also important to note that schemes that triangulate the surface are
not convergent for the computation of ∆!KM in the maximum norm [guckenberger2016bending].
As previously mentioned, the surface Laplacian of the interface mean curvature is important in the
force density of an elastic surface. Many of the existing methods will produce large errors when
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computing this force. Therefore, high order schemes, such as the one proposed here, are necessary
for these problems. We note that a fourth order scheme for the computation of curvature in the
level set framework in two dimension has been proposed in [coquerelle2016fourth]. This approach
is based on the osculatory circle approximation, which is difficult to implement in three dimensions
and fails whenever the curvature is zero. Our approach, however, is straightforward to implement
in two or three dimensions, and simple formulae for mean and Gaussian curvatures can be used
[goldman2005curvature]. Thus our sixth order scheme provides a significant improvement that can
enable accurate simulations of three-dimensional soft objects, such as vesicles and biological cells
[guckenberger2016bending].

Figure 5.1. The red blood cell shape defined by the level set function Eq. (5.1).
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L1-Error order L2-Error order L∞-Error order
163 1.678× 100 ------------ 7.923× 10�1 ------------ 8.740× 10�1 ------------
323 2.856× 10�1 2.55 1.490× 10�1 2.41 2.511× 10�1 1.80
643 1.998× 10�2 3.84 1.691× 10�2 3.14 4.728× 10�2 2.41
1283 1.176× 10�3 4.09 8.532× 10�4 4.31 3.506× 10�3 3.75

Table 5.6. Accuracy results for the computation of interface mean curvature for the red blood cell shape
using our sixth order accurate scheme, where the error is defined as ‖KM � (KM)h‖.

‖K �Kh‖1 order ‖K �Kh‖2 order ‖K �Kh‖∞ order
163 2.657× 100 ------------ 1.266× 100 ------------ 1.296× 100 ------------
323 7.583× 10�1 1.81 5.456× 10�1 1.21 9.430× 10�1 0.46
643 7.225× 10�2 3.39 8.023× 10�2 2.77 2.296× 10�1 2.04
1283 3.924× 10�3 4.20 3.519× 10�3 4.51 1.777× 10�2 3.69

Table 5.7. Accuracy results for the computation of interface Gaussian curvature for the red blood cell
shape using our sixth order accurate scheme.

L1-Error order L2-Error order L∞-Error order
163 2.549× 102 ------------ 1.094× 102 ------------ 9.351× 102 ------------
323 1.680× 102 0.60 7.791× 101 0.49 8.049× 101 0.22
643 2.884× 101 2.54 2.133× 101 1.87 6.434× 101 0.32
1283 4.610× 100 2.65 3.449× 100 2.63 1.297× 101 2.31

Table 5.8. Accuracy results for the computation of surface Laplacian of the interface mean curvature for the
red blood cell shape using our sixth order accurate scheme. The error is computed as ‖∆!KM� (∆!KM)h‖.

L1-Error order L2-Error order L∞-Error order
163 2.672× 102 ------------ 1.156× 102 ------------ 9.802× 101 ------------
323 2.203× 102 0.28 1.096× 102 0.08 1.270× 102 �0.37
643 1.333× 102 0.72 7.319× 101 0.58 1.131× 102 0.17
1283 1.338× 102 �0.01 7.785× 101 �0.09 1.296× 102 �0.20

Table 5.9. Accuracy results for the computation of surface Laplacian of the interface mean curvature for
the red blood cell shape using fourth order accurate scheme from [du2008second]. The error is computed
as ‖∆!KM � (∆!KM)h‖.

As a final test, we consider a surface with a kink. We initialize our level set function φ(x, y, z)
to be two merging spheres:

φ(x, y, z)=min ((x2+ y2+(z� z0)2� r2), (x2+ y2+(z+ z0)2� r2)), z0= 0.3, r= 0.6.

Then we reinitialize φ(x, y, z) to be a signed distance map on different grids and plot log10|φexact�
φnumerical| on the surface, where φexact is the exact signed distance map and φnumerical is the
reinitialized φ. As is shown in figure 5.2, near the kink, accuracy is greatly affected, but the
rate of convergence is not affected away from the kink. Moreover, as finer grids are used, the
affected region shrinks, as the inaccuracy arises due to not having a sufficient number of nodes to
properly resolve the distance map with our interpolation scheme. As the grid spacing decreases, it
is possible to resolve a larger fraction of the shape away from the kink. Figure 5.3 demonstrates the
deterioration of accuracy for two approaching spheres. In the left graph of Figure 5.3, the maximum
error ||φ� φh||∞ is plotted as a function of the distance d=2(z0� r) between the two spheres on
different grids. A visible jump in error can be seen as the two spheres approach each other. The
right graph of Figure 5.3 shows that the order of accuracy for ‖φ� φh‖∞ decreases to first order,
which is expected in the presence of kinks [min2010reinitializing]. Adaptive mesh refinement or
finite element methods [lipnikov2019high] might help in the presence of kinks, but this is beyond
the scope of this thesis.
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Figure 5.2. Distribution of numerical error log10|φ� φh| of the level set function on different grids. Grid
size from left to right: 16× 16× 32,32× 32× 64,64× 64×128,128× 128× 256.
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5.2 Extrapolation of Surface Scalar Fields in 3D

Extrapolation of fields living on a surface to the embedding space, i.e. solving Eq. (4.3), is
of great importance in many applications. In the level set method, it is common practice to
extend velocity fields defined only on the surface away from the interface in the normal direc-
tion. When solving PDEs on implicit surfaces represented by level set functions [xu2003eulerian,
adalsteinsson2003transport], dynamical fields have to be extrapolated to embed those PDEs in
space. When those embedded PDEs are of high orders, it becomes crucial to accurately extrap-
olate those surface fields [greer2006fourth]. However, this extrapolation is seldom done in an
accurate way because boundary conditions on the implicit interface are seldom treated appro-
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priately. Often the sign function is smoothed out in some fashion [xu2003eulerian, greer2006fourth],
but this regularization is not enough to prevent information from flowing across the interface,
affecting the accuracy of the scheme globally. Note that in [greer2006fourth], the author shows

that by using Sign(φ)= φ/ φ2+h1/2
√

and the WENO scheme relatively small errors are obtained

on a 4002 grid. However, they did not show the convergence of their extrapolation scheme.

Here we test our ability to accurately extend fields away from a given surface. We consider a
surface represented by the signed distance function φ(x, y, z) = x2+ y2+ z2

√
� 0.5 on a [�1, 1]3

domain. Let a surface field ψ be the z coordinate of the position vector. We initialize ψ to be z at
all points in space, and then solve the extension velocity equation (Eq. (4.63) with the Hamiltonian
defined in Eq. (4.68)). Figure 5.4 shows isosurfaces of ψ before and after extrapolation. The extrap-
olated surface field is determined to sixth-order accuracy (Table 5.10). Likewise, the Laplacian
of ψ is fourth-order accurate (Table 5.11) and the Bilaplacian of the ψ is accurate to second-order
(Table 5.12). If, instead, the ENO scheme from [du2008second] is used, the computation of ∆2ψ
does not converge (Table 5.13), which clearly shows the necessity of using a high order scheme
to extrapolate any surface field whose dynamics depends on differential operators such as the
Laplacian and the bilaplacian. Indeed, the scheme presented here will be useful for a wide range
of applications involving PDEs on curved surfaces.

‖ψ� ψh‖1 order ‖ψ� ψh‖2 order ‖ψ� ψh‖∞ order
163 1.794× 10�4 ------------ 1.138× 10�4 ------------ 1.324× 10�4 ------------
323 4.843× 10�6 5.21 4.014× 10�6 4.82 6.734× 10�6 4.30
643 3.517× 10�8 7.11 3.341× 10�8 6.91 2.074× 10�7 5.02
1283 5.611× 10�10 5.97 5.345× 10�10 5.97 2.932× 10�9 6.14

Table 5.10. Accuracy results for the extended surface field.

‖∆ψ� (∆ψ)h‖1 order ‖∆ψ� (∆ψ)h‖2 order ‖∆ψ� (∆ψ)h‖∞ order
163 2.482× 10�2 ------------ 1.605× 10�1 ------------ 1.539× 10�1 ------------
323 1.423× 10�3 4.12 1.152× 10�2 3.80 2.231× 10�2 2.73
643 8.935× 10�4 3.99 7.101× 10�4 4.02 1.917× 10�3 3.60
1283 5.617× 10�5 3.99 4.644× 10�5 3.93 1.245× 10�4 3.94

Table 5.11. Accuracy results for the Laplacian of the extended surface field.

‖∆2ψ� (∆2ψ)h‖1 order ‖∆2ψ� (∆2ψ)h‖2 order ‖∆2ψ� (∆2ψ)h‖∞ order
163 3.511× 101 ------------ 2.369× 101 ------------ 2.675× 101 ------------
323 1.320× 101 1.41 1.035× 101 1.19 2.236× 101 0.26
643 1.810× 100 2.87 1.612× 100 2.68 4.035× 100 2.47
1283 2.985× 10�1 2.60 3.226× 10�1 2.32 1.288× 100 1.65

Table 5.12. Accuracy results for the BiLaplacian of the extended surface field.

‖∆2ψ� (∆2ψ)h‖1 order ‖∆2ψ� (∆2ψ)h‖2 order ‖∆2ψ� (∆2ψ)h‖∞ order
163 3.627× 101 ------------ 2.390× 101 ------------ 2.765× 101 ------------
323 1.694× 101 1.10 1.671× 101 0.52 4.017× 101 �0.54
643 1.744× 101 �0.04 1.634× 101 0.03 4.005× 101 0.00
1283 1.449× 101 0.27 1.675× 101 �0.04 6.863× 101 �0.78

Table 5.13. Accuracy results for the BiLaplacian of the extended surface field if ENO scheme from
[du2008second] is used to treat boundary terms.
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Figure 5.4. The (0,±0.2,±0.4) isosurfaces of ψ before and after extrapolation.

5.3 Computation of Geodesic Distances on an Implicit Sur-
face

Computation of geodesics is of interest in many applications [crane2013geodesics, cheng2002motion].
A geodesic, though, is just a distance map defined on a surface. Solving for geodesics can there-
fore be regarded as a generalization of the reinitialization process to a non-Euclidean space. For
example, consider a curve represented by the intersection of two level set functions φ and ψ,
where the zero level set of φ represents the surface confining motion of the curve [cheng2002motion].
To compute the signed distance function on the surface for this curve, we need to iterate to
equilibrium the following PDE on the surface [cheng2002motion]

∂ψ
∂τ

+ Sign(ψ0)(|∇!ψ | � 1)=0 (5.2)

where ∇! is the differential operator defined on the surface. Eq. (5.2) is still a Hamilton-Jacobi
equation. Due to the surface differential operator it is no longer feasible to use Godunov’s scheme to
construct the numerical Hamiltonian. In [cheng2002motion], Local Lax-Friedrichs (LLF) schemes
were used instead, and the author claims to find first-order accuracy in one dimension due to
motion of the curve position during the iteration process. There are two sources of numerical
error. First, the LLF scheme is more dissipative than Godunov’s scheme and will perturb the curve
position. Second, the treatment of the boundary condition is not appropriately implemented, and
information flows across curve. There is no easy way to remedy these problems, as far as we know.

Another way to solve Eq. (5.2) is to replace the surface differential operator ∇! by the 3D
Cartesian differential operator ∇, using a closest point representation of ψ [macdonald2008level].
The closest point representation can be obtained by constraining the level sets of the distance
map that defines the curve, ψ, to be perpendicular to the zero level set of φ. That is, we want to
solve the 3D reinitialization equation for ψ, subject to the condition that ∇φ ·∇ψ=0, which is the
same condition as for extending a field away from the surface. Therefore, we can simultaneously
solve the extension equation (Eq. (4.3)) and the reinitialization equation (Eq. (4.2)) in order to
determine the geodesic distance map ψ. We do this by iterating the extension equation (Eq. (4.3))
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before each stage of the Runge-Kutta scheme in the reinitialization time stepping. In this way, we
can use the standard reinitialization equation (Eq. (4.2)) in place of the more complicated non-
Euclidean reinitialization equation (Eq. (5.2)).

Consider a surface represented by the signed distance function φ(x, y, z)= x2+ y2+ z2
√

�0.6
on a [�1,1]3 domain. Let a closed curve � on this surface be the intersection of the zero level set of
φ and the zero of the function ψ(x, y, z)= e2z�1. We then reinitialize ψ using the procedure just
described. Figure 5.5 shows the level curves of ψ before and after this redistancing. As shown in
Table 5.14, our method provides sixth order accuracy for the computation of the geodesic distance
between � and other points on the surface. In addition, we are able to calculate the geodesic
curvature kg of the level curves of ψ with fourth order accuracy (Table 5.15). Note that the order
of accuracy for ψ seems to degenerate to fifth order as grids are refined (Table 5.14). This decrease
in accuracy might result from accumulation of numerical errors from the extrapolation of ψ during
each reinitialization step. This will be a subject of future research.

‖ψ� ψh‖1 order ‖ψ� ψh‖2 order ‖ψ� ψh‖∞ order
163 3.166× 10�3 ------------ 2.221× 10�3 ------------ 3.320× 10�3 ------------
323 4.246× 10�5 6.02 3.327× 10�5 6.06 5.229× 10�5 5.99
643 1.310× 10�6 5.02 9.151× 10�7 5.18 1.448× 10�6 5.17
1283 4.312× 10�8 4.93 2.928× 10�8 4.97 6.897× 10�8 4.39

Table 5.14. Accuracy results for the signed distance function on a curved surface.

‖kg� (kg)h‖1 order ‖kg� (kg)h‖2 order ‖kg� (kg)h‖∞ order
163 2.772× 10�1 ------------ 1.851× 10�1 ------------ 2.147× 10�1 ------------
323 2.723× 10�2 3.35 1.987× 10�2 3.22 2.655× 10�2 3.02
643 8.437× 10�4 5.01 9.341× 10�4 4.41 3.100× 10�3 3.10
1283 3.035× 10�5 4.80 4.190× 10�5 4.48 3.867× 10�4 3.00

Table 5.15. Accuracy results for the geodesic curvature for the level sets of ψ.

Figure 5.5. Level curves of ψ before and after redistancing. The red curve is the zero level curve of ψ.
The spacing between neighboring black curves is 20

99 .

As a more stringent test, consider another example where the surface is still given by the signed
distance function φ(x, y, z)= x2+ y2+ z2

√
�0.6 on a [�1,1]3 domain, but the curve � is the inter-
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section of the zero level set of φ and the zero level set of ψ(x, y, z)= exp
[
1.2
(
asin

(
z

x2+ y2+ z2
√

)
+

π

12

)]
. Figure 5.6 shows the level curves of ψ before and after redistancing. Tables 5.16 and 5.17

show the results of our convergence tests for the geodesics and the geodesic curvature, respectively.
It seems that the order of convergence degrades as the grid is refined. The convergence rate,
however, is still better than that in [cheng2002motion]. This loss of convergence rate is beyond
the scope of current work and requires further investigation of our implementation of the closest
point method [macdonald2008level]. Still ,this scheme can be useful in applications dealing with
the motion of curves embedded in a surface driven by geodesic curvatures [cheng2002motion].

‖ψ� ψh‖1 order ‖ψ� ψh‖2 order ‖ψ� ψh‖∞ order
163 9.154× 10�4 ------------ 7.693× 10�4 ------------ 2.620× 10�3 ------------
323 8.714× 10�5 3.39 7.777× 10�5 3.31 1.400× 10�4 4.23
643 8.170× 10�6 3.41 7.002× 10�6 3.47 1.415× 10�5 3.31
1283 2.549× 10�6 1.68 2.226× 10�6 1.65 4.114× 10�6 1.78

Table 5.16. Accuracy results for the signed distance function on a curved surface.

‖kg� (kg)h‖1 order ‖kg� (kg)h‖2 order ‖kg� (kg)h‖∞ order
163 1.337× 10�1 ------------ 1.233× 10�1 ------------ 1.885× 10�1 ------------
323 2.500× 10�2 2.42 2.089× 10�2 2.56 3.548× 10�2 2.41
643 1.217× 10�2 1.04 1.195× 10�2 0.81 2.617× 10�2 0.44
1283 8.174× 10�3 0.57 7.740× 10�3 0.64 2.245× 10�2 0.22

Table 5.17. Accuracy results for the geodesic curvature for the level sets of ψ.

Figure 5.6. Level curves of ψ before and after redistancing. The red curve is the zero level curve of ψ.
The spacing between neighboring black curves is 20

99 .

As a final test, we compute geodesic distances on the Stanford bunny [stanfordbunny] (Figure
5.7). The level set representation of the bunny is obtained by the radial function method
[fasshauer2007meshfree] on a 963 grid and is then smoothed by diffusion. The function ψ(x, y,
z) = exp(x2 + y2+ (z � 0.05)2) � exp(0.0009) is used to initialize curve position on the bunny.
This example shows that we can compute geodesic distances on highly curved surfaces.
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Figure 5.7. Geodesic distances computed on the Stanford bunny.The left panel shows the equipotential
intersections of ψ before redistancing, and the right panel shows the geodesics computed by our redistancing
procedure. The red curve is the intersection of the zero level set of ψ with the bunny whose position is
preserved during the redistancing procedure. The spacing between neighborhood black curves is 1

245 .

5.4 Conclusion
In many applications of science and engineering, it is important to accurately compute surface
curvature and its derivatives in three dimensional space. In problems involving elastic surfaces,
second derivatives of surface curvatures such as ∆‖KM are needed. Many widely used schemes
are unable to compute this geometric quantity accurately. For instance, all schemes reviewed in
[guckenberger2016bending] are based on surface triangulation and fail to compute ∆‖KM conver-
gently. Other level set based schemes such as those proposed in [coquerelle2016fourth] are difficult
to generalize to three dimensional cases. We approached this problem in the level set framework
by maintaining accuracy of the level set function in the reinitialization process.

In particular, we have presented a sixth-order accurate numerical scheme for Hamilton-Jacobi
equations with a level set-defined boundary condition. This work builds on the work of Chéné and
Min [du2008second]. We showed that our method can solve the reinitialization equation of Sussman
[sussman1994level] and the extrapolation equation (4.3) to sixth order accuracy in the L1, L2,
andL∞ norms for smooth surfaces. Our numerical experiments also show that this method leads
to an interface curvature that is accurate to fourth order, which results in second order accuracy
of bending forces calculated for elastic surfaces. These schemes thus make possible an accurate
simulation of dynamical elastic surfaces in the level set framework and of other applications in
physics and engineering that require accurate computation of interface curvature. Also, a sixth
order accurate extrapolation scheme for surface fields is proposed, which allows a very accurate
closest point representation [macdonald2008level] of surface fields defined near the interface, which
can be a crucial component for embedding high order PDEs on a non-Euclidean surface in space
[greer2006fourth] and in solving the level set equation [zhao1996variational]. Finally, we presented
a convergent method for computing geodesics on an implicit surface. The combination of techniques
presented here can greatly improve the accuracy of simulations involving elastic surfaces and
also makes possible the simulation of the dynamics of biomembranes coupled to concentrations
of interacting, surface-bound proteins, as occurs in processes such as endo- and exocytosis, cell
division, and cell motility.
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Chapter 6
Numerical Experiments: Shape of Vesicles
In this chapter, we apply results from the theoretical calculations in Chapter 3 and the level set
discretization in Chapter 4 to the numerical simulation of the dynamics of vesicles with different
models.

6.1 Shape of Single Phase Vesicles
We first investigate shapes and dynamics of single phase vesicles as a test of the convergence and
accuracy of our algorithm. Here we adopt the area-difference elasticity model [miao1994budding]
for single phase vesicles where the effect of a relative areal stretching of the two monolayers are
taken into account. The Hamiltonian for a closed fluid-bilayer vesicle can be written as

H=

∫
κ
2
(KM�C)2dA+σ

(∫
dA�Ap

)
�P

(∫
R ·N
3

dA�Vp
)
+σ∆A

(
h

∫
KMdA�∆Ap

)
(6.1)

where the first integral accounts for the Helfrich bending energy, the second term and the third term
constrains total area and total volume of the vesicle, the last term constrains the area difference
between the two layers, C is the constant spontaneous curvature, κ is a constant bending moduli,
Ap is the prescribed area, Vp is the prescribed volume, ∆Ap is the prescribed area difference, h
is the thickness of the bilayer and σ , P , σ∆A are Lagrange multipliers. Under a variation of the
position of the vesicle R→R+ δR, the variation of the Hamiltonian Eq. (6.1) is

δH=

∫
dA

{
κ

(
∆‖KM+

1
2
KM
3 �2KMK+2CK� 1

2
C2KM

)
�σKM�P �2σ∆AhK

}
N ·δR, (6.2)

which can be easily obtained from results in Chapter 3. The elastic bending force density from Eq.
(6.1) is thus

f =�
{
κ

(
∆‖KM +

1
2
KM
3 � 2KMK +2CK � 1

2
C2KM

)
�σKM �P � 2σ∆AhK

}
N . (6.3)

The velocity v of the vesicle is obtained from the fact that, the elastic bending force f will be
balanced by the viscous force ζv in an environment of low Reynolds number, i.e.

f = ζv , (6.4)

where ζ will be taken to be one for simplicity. When the vesicle deforms with a velocity field v,
the time rate change of the the total volume V = 1

3

∫
R ·NdA, total area A=

∫
dA and the area

difference ∆A=h
∫
KMdA are

dV
dt

=

∫
v ·NdA (6.5)

dA
dt

=

∫
(�KM)(v ·N )dA (6.6)

d(∆A)
dt

= h

∫
(�2K)(v ·N )dA (6.7)

Eqs. (6.5-6.7) is a system of linear equations for σ, P ,σ∆A. By specifying the time rate of change
for V , A,∆A, the Lagrange multipliers can be easily solved to either preserve volume, area and
area difference or to evolve those parameters in some prescribed manner [du2006simulating]. This
will facilitate our study of the effects of volume and area difference on the shape and dynamics of
vesicles. The dimensionless version of volume and area difference is defined by

v=
V

4

3
πRs

3
,∆a=

∆A
8πhRs

, Rs=
A
4π

√
(6.8)
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where v is known as the reduced volume, ∆a is known as the reduced area difference, 8πhRs is the
area difference of a spherical bilayer of radius Rs and thickness h.

The dynamics of the vesicle is then captured by the level set equation

∂φ
∂t

+v ·∇φ=0. (6.9)

Since v involves fourth order derivatives of φ, Eq. (6.9) is very stiff, which allows a very small
time step when explicit methods are used. Here we adopt the semi-implicit level set method from
[smereka2003semi] to advance Eq. (6.9). With this semi-implicit approach, Eq. (6.9) is discretized
in time as:

φn+1� φn
∆t

=α{(∆2φ)n� (∆2φ)n+1}� (v ·∇φ)n (6.10)

which can be rewritten as

φn+1= φn�∆t(1+α∆t∆2)�1(v ·∇φ)n, (6.11)

where α is a positive constant (taken to be 0.5 in our simulation) and the inversion (1+α∆t∆2)�1

can be efficiently computed with FFT (Fast Fourier Transform) method. A more accurate inversion
can be obtained with the GMRES (generalized minimal residual) method preconditioned by the
FFT solver. The GMRES solver gives slightly better stability and accuracy, but the FFT method
is much more computationally efficient. We will use the FFT solver in our simulation.

The algorithm to evolve shapes of the single phase vesicle is then as follows:

1. Initialize the level set function φ on a three dimensional cartesian grid. Usually φ is initial-
ized to be an oblate or a prolate with a prescribed reduced volume and then reinitialized
to be a signed distance map. The ellipsoid is usually taken to be cylindrically symmetric,
the reduced volume of which is then a function of the ratio between the lengths of the two
distinct semi-axis.

2. Repeat until maximum time or the maximum number of iterations is reached:

i. Calculate KM , K in all grid points and extend values of KM , K away from the
interface.

ii. Calculate ∆‖KM in all grid points and extend its value away from the interface. Note
that when KM is constant along the surface N , ∆‖KM =∆KM and the cartesian
spatial diffusion operator ∆ can be used to compute the surface diffusion of KM.

iii. Calculate v from Eqs. (6.3-6.7) and extend its value away from the interface, which
will maintain φ as a signed distance map [zhao1996variational].

iv. Find the maximum vmax value of |v | near the interface and use vmax∆t=NCFL∆s
to determine time step ∆t, where NCFL is the CFL number for the current step and
∆s is the grid spacing in each dimension. The CFL number is taken to be 0.1 for the
sake of stability and accuracy although larger values can also be used.

v. Update φ with Eq. (6.11).

vi. Reinitialize φ to be a signed distance function if necessary.

6.1.1 Relaxation Under Constant Volume and Area without Spontaneous
Curvature

We first show that our algorithm will reproduce the discocyte and gourd shape for axis-symmetric
ellipsoids with zero spontaneous curvature. In this case, we set at each time step [du2006simulating]

C =0,
dV
dt

=
Vp�V (t)

∆t
,
dA
dt

=
Ap�A(t)

∆t
,σ∆A=0, (6.12)

where V (t),A(t) is the current volume and current area of the vesicle, Vp and Ap is taken to be the
initial volume and initial area of the ellipsoid. Requirement Eq. (6.12) combined with Eqs. (6.5-
6.7) gives σ,P that will keep the the volume and area of the vesicle constant during the simulation.
Figure 6.1 shows the relaxation of an oblate to a discocyte and the relaxation of a prolate to a
gourd. The reduced volume v for all shapes in figure 6.1 is 0.6.
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Figure 6.1. Relaxation of an oblate (top left, v = 0.6) to a discocyte (first row, second from left) and
relaxation of a prolate (first row, third from left, v=0.6) to a gourd (top right). The second row is a cross
section view of the first row.

6.1.2 Convergence verification for spatial and time discretization

To verify convergence in space discretization, we relax an oblate with v= 0.6 on girds of different
sizes and plot bending energy, Lagrange multipliers P and σ, the relative error in volume and area
as a function of time. In figure 6.2, curves of different color (magenta, red, blue, green) correspond
to different grid sizes (483,643,803,963). The top left plot in figure 6.2 shows that the shapes of the
energy curves for different grids are qualitatively very similar and a zoomed in view shows that as
the grid is refined, the energy curve will converge to the one with the finest grid. The top right plot
and the bottom left plot in figure 6.2 shows convergence for the Lagrange multipliers. The bottom
right plot demonstrates very good conservation of volume and area during simulation, where dashed
lines are relative errors in volume and dotted dashed lines represent relative errors in area.
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Figure 6.2. Top left: energy vs time for different grids. Grid sizes (483,643,803,963) are indicated by color
of the curves (magenta, red, blue, green), which applies to other subplots as well. Top right and bottom
left: convergence of Lagrange multipliers P , σ. Bottom left: relative errors in volume (dashed curves) and
area (dotted dashed curves) vs time.
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To verify convergence in time discretization, we relax an oblate with v= 0.6 on a 643 grid with
different NCFL since our adaptive ∆t is computed from ∆t=NCFL∆s/vmax. In figure 6.3, curves
of different color (magenta, red, blue) correspond to different values of NCFL (1, 0.5, 0.1). The top
left plot in figure 6.3 shows that the shapes of the energy curves for different values of NCFL are
qualitatively very similar and a zoomed in view shows that as smaller values of NCFL are used,
oscillation will be suppressed and the energy curve will converge to the one with smallest NCFL.
The top right plot and the bottom left plot in figure 6.3 shows convergence for the Lagrange
multipliers. The bottom right plot demonstrates very good conversation of volume and area during
simulation, where dashed lines are relative errors in volume and dotted dashed lines represent
relative errors in area.
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Figure 6.3. Top left: energy vs time for different grids. Different values of NCFL (1,0.5,0.1) are indicated
by color of the curves (magenta, red, blue), which applies to other subplots as well. Top right and bottom
left: convergence of Lagrange multipliers P , σ. Bottom left: relative errors in volume (dashed curves) and
area (dotted dashed curves) vs time.

In summary, the semi-implicit scheme adopted from [smereka2003semi] still gives convergences
when applied to more complicated scenarios, which ensures accuracy of the shape obtained in our
simulation.

6.1.3 Effects of Constant Spontaneous Curvature

To explore effects of a constant spontaneous curvature, we repeat numerical experiments in section
6.1.1 with a non-zero C. Figure 6.4 shows the shape evolution of a vesicle whose initial shape is an
oblate of with v= 0.6. The spontaneous curvature C is set to be �30 (note that in our convention
the mean curvature of a unit sphere is �2). As can be seen from figure 6.4, a large negative
spontaneous curvature will amplify small ripples (from numerical errors) and lead to growth of legs,
which eventually results in pinching off of smaller vesicles. Figure 6.5 shows the shape dynamics of
a vesicle whose initial shape is a prolate of reduced volume 0.6. Setting C to be �30 leads to the
pinching of the prolate into three smaller vesicles. Figure 6.4-6.5 also demonstrates that curvature
driven topological changes can be handled perfectly by our implementation of the level set method
even in three dimensional space.
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Figure 6.4. Shape evolution of an oblate with v= 0.6 and spontaneous curvature C =�30.

Figure 6.5. Shape evolution of a prolate with v= 0.6 and spontaneous curvature C =�30.

6.1.4 Effects of Spontaneous Curvature and Osmotic Pressure
In section 6.1.1-6.1.3, the reduced volume is kept constant by preserving volume and area of
the vesicle. Experimentally, the volume of a vesicle can be adjusted by putting vesicles under a
constant osmotic pressure [yanagisawa2008shape]. In this section, we explore effects of a nonzero
spontaneous curvature and a constant osmotic pressure. This can be done by setting P = P0=
constant and σ∆A= σ∆A0= constant. Note that setting σ∆A= σ∆A0 is equivalent to setting C =
�σ∆A0h/κ and shifting σ to σ+ κ

2
C2. Therefore we can explore effects of a constant spontaneous

curvature by either specifying the value of C or the value of σ∆A. In other words, both C and σ∆A
can be interpreted as generalized forces with the area difference between the bilayer as generalized
displacements. In this section we set at each time step

C =0, P =P0,
dA
dt

=
Ap�A(t)

∆t
,σ∆A=σ∆A0, (6.13)

where Ap is set to be the initial area and A(t) is the current area. Requirement Eq. (6.13) combined
with Eqs. (6.5-6.7) will give σ that conserves area.

In figure 6.6, we start with a prolate with v=0.5 and set P0=�2000,σ∆A0=0. A large negative
pressure will reduce volume of the vesicle and transform the prolate to a tube. In figure 6.7, we start
with an oblate with v=0.4 and set P0=�1000,σ∆A0= 13. The negative pressure term will deflate
the oblate and the oblate eventually pinches into a torus. In figure 6.8, we show the evolution of
an oblate with v= 0.75 under a smaller pressure P0=�200 and different σ∆A0 (σ∆A0= 12 for the
top row and σ∆A0= 20 for the bottom row). As can be seen, depending on the relative strength of
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the effects of spontaneous curvature and pressure, an oblate can either relax to a three leg starfish
or a four leg starfish.

Figure 6.6. Relaxation of a prolate to a tube.

Figure 6.7. Pinching of an oblate to a torus.

Figure 6.8. Deformation of an oblate into starfishes.

6.1.5 Relaxation under Constrained Reduced Area Difference
By trying different values of P0 and σA0 in section 6.1.4, we obtained shapes of different reduced
volumes and reduced area differences. We can also constrain the reduced area difference by the
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Lagrange multiplier method by setting

C =0,
dV
dt

=
Vp�V (t)

∆t
,
dA
dt

=
Ap�A(t)

∆t
,
d(∆a)
dt

= ηε

(
∆ap�∆a(t)

∆t

)
,

where ∆ap is the prescribed reduced area difference, ∆a is the current reduced area difference,
ηε(ξ)=

{
ξ abs(ξ)! ε
sign(ξ) · ε abs(ξ)> ε

where ε is a small positive constant limiting the time rate of change of

the reduced area difference.
In the top row of figure 6.9, we start with an oblate with v=0.6 and ∆a=1.05 (calculated from

initial values) and relax it with∆ap=∆a, i.e.,∆a is conserved. The resulting shape loses cylindrical
symmetry and becomes triangular. In the bottom row of figure 6.9, we start with a prolate with
v= 0.9 and ∆a= 1.05 and set ∆ap= 1.10. The resulting shape also loses symmetry and deforms
into a pear. In figure 6.10, we start with a triangular oblate resulting from the ∆a preserving
relaxation of an symmetrical oblate with v= 0.8,∆a= 1.04 and set ∆ap= 0.9. The final shape is
a stomatocyte that invaginates inward. In figure 6.11, we show the transformation from an oblate
(v=0.55, ∆a=1.06) to a two leg starfish (∆ap=1.22) in the top row, and the transformation from
a prolate (v= 0.55,∆a= 1.47) to a necklace (∆ap= 1.60).

It is interesting to see how those asymmetrical shapes (starfishes, triangular elliptocyte, pear,
stomatocyte, etc) arise naturally from initially symmetrical shapes in the simulation.

Figure 6.9. Top row: shape transformation of a symmetric oblate to a triangular elliptocyte. Bottom row:
shape transformation for a prolate to a pear.

Figure 6.10. Top row: shape transformation of a triangular elliptocyte to a stomatocyte. Bottom row:
cross section view of the top row. Note that the initial shape is not symmetric and the cross section view
is not unique.
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Figure 6.11. Top row: shape transformation of an oblate into a two leg starfish. Bottom row: shape
transformation of a prolate to a necklace.

6.2 Shape of Multi-component Vesicles
In this section, we further develop numerical schemes introduced in section 6.1 to deal with
multicomponent vesicles. Experimentally, lipid domains can be produced from mixtures of high
melting temperature (saturated) lipids, low melting temperature (unsaturated) lipids and choles-
terol [veatch2003separation]. Because of its hydrophobic steroid ring structure, cholesterol can fit in
neither the solid-ordered phase of the saturated lipids(due to its peculiar size and shape) nor the Lo
(lipid-disordered) phase of the unsaturated lipids (due to hydrophobicity), which then introduces
the Ld (lipid-ordered) phase [mouritsen2005life]. The lipid-ordered phase, on the one hand, main-
tains fluidity and allows necessary rapid diffusion in the plane of the membrane, and on the other
hand, features conformational order in the lipid chains that increases rigidity and stability of the
membrane [mouritsen2005life]. Those lipid-ordered domains have many similarities with lipid-rafts
found in vivo [harayama2018understanding] which are important in many membrane functions.

Theoretical and numerical studies of multi-domain vesicles begun as early as in 1990s. Jülicher
and Lipowky seems to be the first to propose a Hamiltonian for multidomain vesicles which also takes
into account effects of different Gaussian bending moduli for different domains [julicher1996shape].
Taniguchi performed numerical studies of phase separation dynamics and shape deformation of
two component vesicles [taniguchi1996shape]. Jülicher and Lipowky’s theory was then confirmed
by Baumgart’s experiments [baumgart2005membrane]. Recently, phase filed methods are adapted
for numerical simulation of multicomponent vesicles [wang2008modelling, lowengrub2009phase,
sohn2010dynamics]. Our level set approach is the first three dimensional simulation of multicompo-
nent vesicles that takes into account differences in Gaussian bending moduli and can easily incorpo-
rate forces from the more general line Hamiltonian Eq. (3.2). In our simulation, vesicle shape evolves
according to mechanical forces from variational calculations in chapter 3 while the driving forces
calculated in the phase-field model is only thermodynamically consistent [wang2008modelling,
lowengrub2009phase].

6.2.1 Hamiltonian of an Incompressible Biphasic Vesicle
Consider a vesicle with Ld and Lo phases and we use P� and P+ to denote the surface patches
corresponding to Ld and Lo phases. The plus/mius sign comes from our numerically convention

P�= {R(Z)|φ(Z)= 0, ψ(Z)< 0},P+= {R(Z)|φ(Z)= 0, ψ(Z)> 0}. (6.14)
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Thus n points into P+ from P�. The Hamiltonian for a biphasic vesicle can be written as

Hbi=

∫

P�
dA

[
κLd

2
(KM �CLd)2+κG

LdK

]
+

∫

P+
dA

[
κLo

2
(KM �CLo)2+κG

LdK

]

+ σ�
(∫

P�
dA�A�

)
+σ+

(∫

P+
dA�A+

)
�P

(∫
R ·N
3

dA�Vp
)

+

∮

∂P�
dl(κl+κgkg+κττg+κnkn)+

∫
dA

µ
2

[
(1� c)2+

(
1� 1

c

)
2
]
, (6.15)

where κLd（Lo）, κG
Ld(Lo) is the mean curvature and Gaussian curvature bending moduli for the

Ld(Lo) phase, CLd(Lo) the spontaneous curvature for the Ld(Lo) phase, σ�(+) are Lagrange multi-
pliers conserving area A�(+) of the Ld(Lo) phase, P constrains volume of the vesicle, κl,g,τ ,n can
be interpreted as line tension constants associated with curve length, geodesic curvature, geodesic
torsion and normal curvature. The c field in Eq. (6.15) measures local compression and stretching.
Physically, c may be interpreted as density of lipid molecules of the vesicle. The hypothesis of
being incompressible means density of lipids should remain constant during surface deformation.
Dynamics of c is dictated by the conservation law

∂c
∂t
+∇‖ · (cv)= 0, (6.16)

where v is the velocity field of the vesicle. Initial value of c is set to be 1 everywhere. When
c > 1(c < 1), the vesicle is locally compressed(stretched). A large elastic moduli µ in Eq. (6.15)
will help keep the vesicle incompressible by penalizing deviations of c from 1. This idea of defining
a local field measuring local stretching is adopted from [aland2014diffuse]. The model defined in
Eq. (6.15) is the spontaneous curvature model for biphasic vesicles from [julicher1996shape] with
a generalized line tension term and an additional elastic energy term enforcing incompressibility.

In the practice of level set method, the level set function is periodically reinitialized to be a
signed distance function to maintain numerical accuracy and stability [sussman1994level]. For
the same reason, the auxiliary level set function ψ used to represent phase boundaries also needs
periodic regularization. In [towers2009discretizing], it was shown that to obtain a convergent
scheme for calculating length of phase boundary with Eq. (4.57), φ,ψ should be a signed distance
function and their zero level set should be orthogonal to each other. In our numerical experiments,
we found that ψ being a signed geodesic distance function gives better stability. The geodesics can
be computed by iterating to equilibrium the following PDE [cheng2002motion] in virtual time τ

∂ψ
∂τ

+Sign(ψ0)(|∇‖ψ | � 1)= 0. (6.17)

We refer the reader to [zhang2020sixth] for the state of art numerical scheme for computing
geodesics in the level set framework.

The above regularization makes sense only if the phase boundary is located on the surface of
the vesicle. However, in simulation of biphasic vesicles, the phase boundary will shrink into a very
small circle and eventually disappear after domains of a different phase pinches off. In this case of
biphasic vesicles pinching off at phase boundaries, we add an additional energy term Hreg(ψ,∇ψ)
to regularize ψ

Hreg(ψ,∇ψ)=
∫
DN
2
(N ·∇ψ)2dV +

∫
p(|∇ψ |)dV . (6.18)

The first integral in Eq. (6.18) diffuses ψ in the normal direction N of the surface with a diffusion
coefficient DN, which is also employed in the phase-field method [wang2008modelling] to keep two
tanh profile orthogonal. The second integral in Eq. (6.18) is adopted from the distance regularized
level set method developed by Li in a series of papers [li2005level, li2010distance], where p(|∇ψ |)
has a minimum value of zero at |∇ψ |=1. Minimization of

∫
p(|∇ψ |)dV will help keep |∇ψ | close to

1. This functional plays a similar role to the Lyapunov functional giving rise to the Cahn-Hilliard
equation for phase separation. While the latter keeps ψ a tanh profile, the former maintains ψ
close to a signed distance map. We set p(|∇ψ |) to be a quadratic function following [li2005level]

p(|∇ψ |) = Dn

2
(1� |∇ψ |)2.
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More choices of p(|∇ψ |) are discussed in [li2010distance]. In practice, when there is no pinching
of phase boundaries, we solve Eq. (6.17) to regularize the auxiliary level set function ψ. When
a narrow neck is detected, we switch to minimize Eq. (6.18). We set DN = 1 and Dn= 1 in our
numerical experiments.

To derive dynamical equations for φ and ψ, we calculate variation of Eq. (6.15) under a variation
R→R+ δR. Under this variation, the lipid density variation is given by Eq. (3.31). If the surface
energy density f(c) is only a function of c, then δf(c) = (∂f /∂c)δc and the variation of

∫
f(c)dA

is given by Eq. (3.33). Comparison between Eq. (3.33) and Eq. (3.26) implies that a density
dependent surface energy density f(c) is equivalent to a surface tension f(c)� c(∂f /∂c). Let us
denote by σc this equivalent tension for the incompressibility penalty term fin(c) =

µ

2
[(1� c)2+

(1� 1/c)2]. Then,

σc≡ fin� c
∂fin
∂c

=
µ
2

[(
1
c
� 1
)(

3
c
� 1
)
+(1� c2)

]
. (6.19)

Now, from Eqs. (3.33,6.19) and results in chapter 3, we have

�δHbi
δR

=

∫
fsudA+

∫

∂P�
gbodl (6.20)

where the surface bending force fsu and line forces gbo located at phase boundary are

fsu = ∇‖σc�
[
κ

(
∆‖KM +

1
2
KM
3 � 2KMK +2CK � 1

2
C2KM

)
� (σ+σc)KM �P

]
N (6.21)

gbo = (κLd�κLo)∇⊥KMN �
[
κLd

2
(KM �CLd)2� κLo

2
(KM �CLo)2

]
n

�
{(

κG
Ld�κGLo
2

+κg

)
(Kn+∇sτgN) + (σ��σ+)n

}
+κl(kgn+ knN )

+κτ[(∇skg� knτg)N � (∇skn+ kgτg)n] + kn[(∇sτg+ kgB⊥)n+ τg
2n] (6.22)

where

κ ≡ κLoH(ψ)+κLd(1�H(ψ))
C ≡ CLoH(ψ)+CLd(1�H(ψ))
σ ≡ σ+H(ψ) +σ�(1�H(ψ))

with H(ψ) as the Heaviside function of ψ. Note that presence of κg is equivalent to a difference of
Gaussian bending moduli κGLd and κGLo, which is a direction result from the Gauss-Bonnet theorem.

The normal speed vsu of the surface is determined from the balance of bending force and viscous
force in the N direction

(fsu+ δ(ψ)|∇ψ |gbo) ·N = ζbivsu, (6.23)

where the coefficient δ(ψ)|∇ψ | diffuses line force to surface and we will take the viscosity coefficient
ζbi to be one for simplicity. The normal speed vbo of the phase boundary is determined from balance
of forces in the n direction

gbo ·n= ξbi(vbo� vsn) (6.24)

where the viscosity coefficient ξbi is set to be one and vsn is the n component of surface velocity
set by

fsu ·n= ζbivsn, (6.25)

with the visocisity coefficent ζbi being one. The Lagrange multipliers σ�,σ+,P are determined from
constrains on volume, total area and distribution of areas among different phases. The time rates
of change of total volume V and total area A are still given by Eqs. (6.5,6.6) with the replacement

v ·N = vsu. (6.26)

The third constraint is now the one imposed on the area A� of the Ld phase, whose time rate of
change is now given by

dA�

dt
=

∫

P�
(�KM)vsudA+

∫

∂P�
vbodl. (6.27)
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In all of our simulations, we will always keep the ratio of different phases a constant. We will
therefore set

dA�

dt
=
A�(0)�A�(t)

∆t
(6.28)

most of the time, where A�(0) is the initial area of the Ld phase.
Now we have three fields φ, ψ, c to evolve. The level set function φ still follows the level set

equation
∂φ
∂t

+ vsu|∇φ|=0 (6.29)

and is handled in the same manner as in the previous section. The evolution of the auxiliary level
set function ψ is dictated by

∂ψ
∂t

+ vbo|∇ψ |=�
δHreg

δψ
, (6.30)

where

�δHreg
δψ

= ∇ ·
{
(DNN ·∇ψ)N +

p′(|∇ψ |)
|∇ψ | ∇ψ

}

= DN

(
KM

∂ψ
∂N

+N i∇iN j∇jψ+N iN j∇i∇jψ

)

+
p′(|∇ψ |)
|∇ψ | ∆ψ+

p′′(|∇ψ |)|∇ψ | � p′(|∇ψ |)
|∇ψ |3 ∇ψ⊗Hessian(ψ)⊗ (∇ψ)T.

The advection velocity vc for c is determined from

fsu= ζbivc (6.31)

and the dynamical equation for c is

∂c
∂t
+∇‖ · (cvc)= 0. (6.32)

It is worth discussing how we relate velocity fields vsu, vbo, vc to force densities fsu, gbo in our
simplified hydrodynamic model. The surface force density fsu drives advection of φ,ψ and c, so fsu
will contribute to all of them. We assume that the line force gbo will introduce a singular surface
force and therefore contribute to vsu via δ(ψ)|∇ψ |gbo ·N . This force will also drive minimization
of boundary energy even if the vesicle is held static by some external force. Thus vbo should be
directly linked to gbo and we assumed a simple linear relation. We did not include gbo directly in
vc. We assumed that gbo will induce a tension jump of (σ�� σ+) between the Ld and Lo phase
and it is this jump in tension that leads to changes in c via compression or stretching of the vesicle
(see Eq. (3.31)), whose effects are included by the dependence of fsu on σ±. In a more realistic
hydrodynamical simulation, the line force density gbo will give rise to a locally varying tension field
with jumps at phase boundaries instead of two constant tensions σ± with different phases. This
also makes it very difficult for us to conserve areas of small domains in the presence of more than
one domain. Still, we can make many interesting simulations within this very simple framework.
More physically consistent models will be the topic of future research.

Eqs. (6.29,6.30,6.32) are handled with the same semi-implicit scheme as is for Eq. (6.9). For
the lipid density field c, we use diffusion operator ∆ to smooth its dynamics. For ψ, we still use
the BiLaplacian operator. Thus, φ, c and ψ will be updated by

φn+1 = φn�∆t(1+α∆t∆2)�1{vsu|∇φ|}n (6.33)
cn+1 = cn�∆t(1�α∆t∆)�1{∇‖ · (cvc)}n (6.34)

ψn+1 = ψn�∆t(1+α∆t∆2)�1
{
vbo|∇ψ |+

δHreg

δψ

}n
. (6.35)

The algorithm for biphasic vesicle dynamics is then as follows:
Initialize the level set functions φ,ψ on a three dimensional cartesian grid. Usually we initialize

φ to be a sphere. Field ψ will be iterated to be the Geodesics on the surface with the numerical
method from [zhang2020sixth]. Field c is set to be one everywhere. Set DN =0 and Dn=0.
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Repeat until the maximum time or the maximum number of iterations is reached:

i. Calculate geometry fields with the discretization from Chapter 4.

ii. Calculate surface force density fsu and gbo without terms from Lagrange multipliers σ±,P .

iii. Find the maximum vmax value of |fsu| near the interface and use vmax∆t=NCFL∆s to
determine time step ∆t. We take the CFL number NCFL=1 for simulations in this section.

iv. Solve for the Lagrange multipliers σ±, P by specifying dV /dt, dA/dt, dA�/dt in Eqs.
(6.5,6.6,6.27).

v. Calculate the complete fsu and gbo. Then find vsu,vc, vbo.

vi. Calculate (φn+1, cn+1, ψn+1) according to Eqs. (6.33,6.34,6.35)

vii. Reinitialize φ if necessary.

viii. Calculate maximum
(
∆s (kn)2+(kg)2
√ )

. If this number is larger than 30, we stop using

Eq. (6.17) to regularize ψ and set DN =1, Dn=1 thereafter. Those numbers are found by
try and err with numerical experiments.

6.2.2 Deformation of a Two Domain Biphasic Vesicle
In this section, we give an illustration of a typical shape evolution driven by line tension. The
vesicle is initialized to be a sphere and the Ld phase (colored in red in Figure 6.12) covers 20%
of the whole area. The only nonzero parameters in this simulation are κLd=κLo=1,κl= 30. The
final reduced volume is set to be 0.90. The Lagrange multipliers are determined from

dV
dt

= ηε

(
Vp�V (t)

∆t

)
,
dA
dt

=
Ap�A(t)

∆t
,
dA�

dt
=
Ap
��A�(t)
∆t

at each time step, where V (t),A(t),A�(t) is the current volume, current total area, current area of
Ld phase, the prescribed volume Vp= 0.9V (0) and Ap=A(0), A�(t)=A�(0), ε is a small number
limiting the time rate of change of the volume. We are thus conserving total area and area of
different phases in our simulation while allowing the volume to decrease until the prescribed volume
is reached. As can be seen from Figure 6.12, the Ld phase bulge out under effects of the line tension
and a kink is introduced at the phase boundary. By starting with different phase distributions and
changing simulation parameters, we are able to explore effects of various physical origins.

Figure 6.12. Deformation of a two domain biphasic vesicle.

84 Numerical Experiments: Shape of Vesicles



6.2.3 Convergence Verification

To make sure that our simulation will yield better results when finer grids are used, we run our
simulation described in the previous section on grids of different sizes and compare the final shape
and energy. The final shapes at numerical time 0.021 are shown in Figure 6.13, where grid sizes
goes from 483 in the left to 643 in the middle and 803 in the right. As can be seen from Figure
6.13, the final shapes are almost the same. A more quantitative comparison is given in Table 6.1,
where the final total energy, line energy and bending energies for Ld phase and Lo phase are given.
Those close values indicates numerical convergence of our scheme.

Figure 6.13. Final shapes in 3D view and cross section view at the same numerical time on different grids.
Grid sizes from left to right: 483,643,803.

grid sizes 483 644 803

total energy 122.138 123.786 124.095
line energy 86.282 88.190 88.021

bending energy for Ld phase 14.637 14.366 14.508
bending energy for Lo phase 21.219 21.230 21.566

Table 6.1. Final energies from simulation on different grids.

6.2.4 Pinching of Biphasic Bidomain Vesicles

In this section, we explore conditions under which a two domain biphasic vesicles will pinch.
In particular, we will look at effects of the prescribed reduced volume, a constant spontaneous
curvature and line tension constantκl.

For a biphasic bidomain vesicle with the ratio of surface area for the Ld phase being r, it is
straightforward to find the maximum reduced volume rdmax(r) that allows pinching of vesicle

into two parts to be (1� r)3/2+ r3/2. When r= 0.5, rdmax
� 1
2

)
=

2
√

2
. Thus if the prescribed final

reduced volume is larger than 2
√

2
, no matter how large the line tension is, the vesicle will not pinch.

This is illustrated in Figure 6.14, where we show final shape of vesicles with different prescribed
reduced volume vp and line tension constant κl. The only nonzero parameters are κLd= κLo=1,
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κl=/ 0. For the top row, vp= 0.8> 2

2
√ . Going from left to right on the top row, the line tension

κl are set to be 5, 10, 30 respectively. When κl is small, the vesicle looks like a prolate from the
previous section. When κl is large, the two parts of the vesicle becomes more like spheres under
constraints of volume and area. vp is set to be 0.7 for the bottom row and κl is 4, 5, 10 going from
left to right. As expected, when the prescribed reduced volume allows pinching, very narrow neck
can be obtained and as κl is further increased, vesicle will pinch at phase boundary. Even though
Figure 6.14 shows final shapes of vesicles with different vp and κl, from left to right we may also
regard them as dynamical shape transformations with increasing line tension.

Figure 6.14. Final shapes of vesicles with different prescribed reduced volume vp and κl. For top row,
vp=0.8, κl is 5,10,30 from left to right. For bottom row, vp= 0.7, κl is 4,5,10 from left to right.

Now we study effects of a constant spontaneous curvature C. We first run our simulation with
different vp,κl and CLd=CLo=0 for a number of steps. Then we set CLd=CLo=C and observe
effects of different C. This may be regarded as a preliminary investigation of the effects of curvature
inducing proteins added to systems of biphasic vesicles. The results are shown in Figure 6.15.
For the first row, we set vp= 0.7,κl=5 and the first figure shows shapes of the vesicle just before
C is set to �5. The next five pictures in the first row shows evolution of the same vesicle. Note
that vp= 0.7, κl=5, C =0 leads to a very narrow neck but no pinching (bottom middle figure in
Figure 6.14 shows the final shape). Thus adding curvature inducing proteins may have an effect
of destabilizing a very narrow neck and inducing pinching of vesicles. When the same nonzero
C(=�5) is set for a vesicle with vp= 0.7,κl=4 (bottom left figure in Figure 6.14), the neck radius
will shrink but the vesicle is unable to pinch (middle row in Figure 6.15). If we increase C to �10,
then the vesicle will readily pinch into two (bottom row in Figure 6.15).
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Figure 6.15. Effects of a nonzero spontaneous curvature. The first column from the left are starting
shapes resulting from simulations with CLd=CLo=0, r=0.5 (area ratio of Ld phase), vp=0.7 and different
κl(top row κl=5, middle row and bottom row κl=4). Then we set CLd=CLo=C (top row and middle
row C =�5, bottom row C =�10) and show the effects of different spontaneous for each row.

From the above numerical experiments, we see that reduced volume vp, ratio (r) of different
phases (or area of lipid rafts), line tension constant κl, spontaneous curvature C can all play a
role in the pinching of biphasic vesicles. A complete exploration of effects of all parameters in Eqs.
(3.1,3.2) is beyond the scope of the current thesis.

6.2.5 Pinching of Multidomain Biphasic Vesicles
For simulation of bidomain vesicles, it is not necessary to impose the incompressibility condition
as long as we keep ratio of each phase a constant. For multidomain vesicles, incompressibility
becomes necessary if we want prevent nonphysical changes of domain sizes, as is shown in Figure
6.16. Note that in [wang2008modelling], the author termed this nonphysical domain coarsening the
Oswald ripening, but this is simply due to a lack of imposed incompressibility. For the vesicle in
Figure 6.16, we set Vp= 0.9V (0) and we are conserving total area and area of each phase. Other
parameters are κLd=1,κLo= 10,κl= 20.

Figure 6.16. Domain coarsens if we set µ=0.
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To impose incompressibility, we set µ=1000. The resulting shape evolution at the same numer-
ical time is illustrated in Figure 6.17. Domain shrinking and coarsening is not eliminated in Figure
6.17 but greatly reduced. A better way to impose incompressibility is to solve for a local tension
so that the surface divergence of the velocity field is zero. This is currently under investigation.

Figure 6.17. Domain becomesmore stable if we impose the incompressibility condition by setting µ=1000.

For the vesicle evolution in Figure 6.18, we changed the relative bending moduli of Ld (red)
and Lo (blue) phases. Now we have κLd= 10,κLo=1,κl= 20. We also allows a smaller volume by
setting Vp=0.8V (0). Since domains in red are more rigid now, the tendency for them to flatten out
dominates the tendency to bulge out. This flattening transformation unexpectedly creates narrow
channels among nearby domains and then under the effects of line tension, smaller domains begin
to fuse into large circular ones. This fusion of domains and the large bending moduli for the red
phase together makes the shape of the vesicle more and more planar. Note that we observed some
nonphysical shrinking of domains on the sides even though we set µ= 1000 for this case. This
is yet to be addressed. Still, Figure 6.18 is an interesting example showing the effects of different
bending moduli and the interplay of domain fusion and shape dynamics of the vesicles.

Figure 6.18. Vesicle shape dynamics under the effects of different bending moduli and domain fusion.

The next two numerical examples are inspired by experiments from [yanagisawa2008shape],
where the author subjected phase separated vesicles to osmotic pressure differences and observed
outside and inside budding. In Figure 6.19, we set Vp= 0.8V (0), κLd= κLo=1,κl= 100, µ= 1000.
To maintain stability of the simulation, we use the maximum line curvature of the phase boundary

to detect imminent pinching of domains. In practice, we calculate max (kn)2+(kg)2
√

near the
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phase boundary and when this number is larger than 30/∆x, where ∆x is the grid spacing, we
stop using Eq. (6.17) to regularize ψ and set DN =1, Dn=1 thereafter. This partial pinching of
vesicles is very similar to the experiments illustrated Figure 2a from [yanagisawa2008shape].

Figure 6.19. Outward partial pinching of multidomain biphasic vesicles under osmotic pressure.

In Figure 6.20, we let the phase separated domains invaginate inwardly at the start of the
simulation. This initial invagination could be induced experimentally by subjecting ternary vesicles
to osmotic pressure before phase separation begins [yanagisawa2008shape]. Also, we directly set
the pressure P to be �600 instead of calculating it as a Lagrange multiplier. In this case, under
a negative pressure, phase separated domains bud inside. This is very similar to experimental
observation of Figure 2b in [yanagisawa2008shape].

Figure 6.20. Inward partial pinching of multidomain biphasic vesicles under osmotic pressure.
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By adjusting values of different parameters and starting with different initial conditions, we
are able to explore effects of many parameters such as line tension constant κl, bending moduli,
prescribed reduced volume, osmotic pressure etc. We may also explore effects of different Gaussian
moduli by using a nonzero κg and other line tension parameters such as κτ ,κn. A thorough analysis
of complete line energy (Eq. (3.2)) is beyond the scope of the current paper and will be presented
elsewhere. Still, our numerical scheme integrates different physical forces more naturally than that
of [wang2008modelling] and allows more parameters to be explored.

6.3 Coupling Between Shape Dynamics of Vesicles and Pro-
tein Kinetics

In previous sections, bending moduli and spontaneous curvatures are assumed to be constant either
through the whole vesicle, or through different phases. In reality, those parameters depend not
only on lipid composition, but also on the oligomerization of curvature scaffolding proteins and the
reversible insertion of protein regions that act like wedges in membranes [mcmahon2005membrane].
On the other hand, molecular dynamics simulation and in vivo budding assays show that pro-
teins with an amphipathic helix can sense membrane curvature and preferably localize to regions
of high curvature where they can then mediate membrane scission [martyna2016curvature,
rossman2010influenza]. Research investigating the interplay of membrane curvature generation
and sensing is still a rapidly developing field [baumgart2011thermodynamics]. In this section,
we develop a simple model for curvature sensing and curvature generation by protein molecules
in the level set framework.

6.3.1 Diffusion and Advection of Curvature Sensing and Generation Pro-
teins on a Static Surface

As a first step, let us investigate how protein molecules should move tangentially on a static curved
surface. The Hamiltonian of the system now depends only on the protein concentration field cp
and can be written as

H(cp)=

∫
κ(cp)
2

[KM �C(cp)]2dA, (6.36)

where the bending moduli κ(cp) and the spontaneous curvature C(cp) now depends on protein
concentration cp. The Hamiltonian in Eq. (6.36) measures the mismatch energy between membrane
bending and protein packing. Protein molecules will be advected so as to to minimize this mismatch
energy. Suppose that we subject protein molecules to a position variation δRp=WαSα, constrained
to the surface of the membrane. Then the variation of concentration cp will be given by

δp(cp)=�∇‖ · (cpδRp), (6.37)

which simply says that concentration change is minus the outgoing material flux induced by δRp

and we used subscript p to stress that this variation is related to position changes of protein
molecules (in contrast to the one without this subscript related to changes in surface position).
Note the difference between Eq. (3.31) and Eq. (6.37), where the former variation arises from
stretching and compression of lipids while the latter one results from directional advection of
protein molecules. Now if the surface energy density f(cp) is only a function of cp, the variation

of
∫
f(cp)dA is given by Eq. (3.47) and we can interpret the integrand

(
�cp∇‖ ∂f∂cp

)
of the surface

integral in Eq. (3.47) as molecular forces from lipids to protein molecules. The advection velocity
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vp of proteins molecules can then be determined from balance of this molecular force and viscosity

�cp∇‖
∂f
∂cp

= ζpvp, (6.38)

where ζp is the viscosity coefficient for lipids and protein molecules. The dynamics of cp is given
by the conservation law

∂cp
∂t

+∇‖ · (cpvp)= 0. (6.39)

Let us take the pear shaped vesicle from Figure 6.9 as the curved surface and observe the
advection of protein molecules under different models for κ(cp) and C(cp). In this thesis, we
restrict our models to the linear ones adopted by [lowengrub2016numerical] based on experimental
measurements from [jin2006measuring]. In particular, we set

κ(cp)=κ0+κ1cp, C(cp) =C0+C1cp. (6.40)

Firstly, let us assume that the bending moduli κ is independent of cp and the spontaneous curvature
C(cp) is linearly dependent on cp. Numerically, we set κ0= 1, κ1= 0, C0= 0, C1=�1 and cp(S,
t=0)= 4.75. Then we solve Eq. (6.39) on this curved surface. The numerical scheme is the same
as that for c in Eq. (6.34). The resulting density dynamics of cp is shown in the top row of Figure
6.21, where we see that protein molecules tend to aggregate near the pointy pole of the pear and
flow away from the saddle shaped neck region where the mean curvature is approximately zero. The
total mass of protein molecules is set such that the equilibrium distribution of cp is locally equal to
the mean curvature. As a second example, we set κ0=1,κ1=10,C0=0,C1=0, cp(S, t=0)=1. This
time, we observe how protein molecules redistribute by dependence of bending moduli on cp. The
result is illustrated in the bottom row of Figure 6.21. As expected from minimization of Eq. (6.36),
protein molecules now will congregate at the neck region and stay away from the most curved part
of the surface. When both κ1 and C1 are nonzero, the equilibrium distribution of cp will depend
on local mean curvature and the relative importance of κ1 and C1. With minimal modification,
we can also explore effects of non-linear models for κ(cp), C(cp) and dependence of spontaneous
Gaussian curvatures on cp [schmidt2013influenza], which will be the topic for future research.

Figure 6.21. Protein redistribution due to curvature generation and sensing under different models. Left
colorbar and top row: protein molecules localize to regions of high curvature. Right colorbar and bottom
row: protein molecules localize to regions of small curvature.

6.3 Coupling Between Shape Dynamics of Vesicles and Protein Kinetics 91



6.3.2 Coupling Between Shape Dynamics of Single Phase Vesicle and
Protein Kinetics

Having verified the numerical model for protein kinetics on a static surface, we move to combine
vesicle shape dynamics with protein kinetics in this section. The Hamiltonian for this system is
very similar to Eq. (6.1):

Hps =

∫
κ(cp)
2

(KM �C(cp))2dA+σ
(∫

dA�Ap
)
�P

(∫
R ·N
3

dA�Vp
)

+

∫
dA

µ
2

[
(1� c)2+

(
1� 1

c

)
2
]

(6.41)

where κ(cp) and C(cp) are now functions of density of curvature generation and sensing proteins,
and we add the last term from Eq. (6.15) to impose incompressibility. The subscript ps in Eq.
(6.41) indicates that this Hamiltonian accounts for protein kinetics on a single phase vesicle. The
elastic bending force density fps results from

�δHps

δR
=

∫
fpsdA (6.42)

and the velocity vps of the vesicle is determined from fps= ζpsvps as is the case for Eq. (6.4), where
ζps is taken to be one. Note that in the calculation of Eq. (6.42), δcp is handled in the same way
as δc in Eq. (3.31). Since the variation of all of the terms in Eq. (6.41) has been calculated before,
we ignore the explicit form here. The resulting flow velocity vsp will be the one driving deformation
of the vesicle and density dynamics of c. In presence of a large µ in Eq. (6.41), ∇‖ · vsp=∼ 0 and
the flow is approximately incompressible, as is verified in Figure 6.17. If we set vp in Eq. (6.39)
to be vsp, cp will remain a constant if initially set to be a constant. We therefore postulate that
in addition to moving passively with lipids with velocity vsp, additional tangential forces fp will
generate an extra velocity vxp for protein molecules via

fp= ζpvxp (6.43)

and

�δpHps

δRp
=

∫
fpdA, (6.44)

where we set ζp=
1

3
to speed up tangential localization of protein molecules. The dynamics of the

system then consists of the level set equation Eq. (6.9) for φ with v = vps, the conservation law
Eq. (6.32) for c with vc= vsp and the mass conservation Eq. (6.39) for protein molecules with
vp= vps+ vxp. The entire algorithm is similar to that presented in Section 6.1 with additional
computation to evolve c and cp in each step.

As an example, we now allow the pear shaped vesicle in Figure 6.21 to bend along with protein
diffusion and advection. We set κ0=1/12,κ1=11/12,C0=0,C1=�20 in Eq. (6.40) as our physical
model for the κ(cp), C(cp) and cp(S, t=0)= 1 as the initial condition. The Lagrange multipliers
σ and P are determined from conservation of volume and area, i.e. dV /dt= (Vp� V (t))/∆t,
dA/dt= (Ap�A(t))/∆t. The resulting shape dynamics of the vesicle and the density dynamics
of protein molecules is illustrated in Figure 6.22. At first, protein molecules flow into the pointy
pole of the vesicle and become relatively depleted in the neck region. This will reduce the bending
stiffness of the neck region and help narrowing the radius of the neck, which is due the dependence of
bending moduli on cp. After the radius of the neck becomes sufficiently small, the effect of curvature
sensing of protein molecules dominates and protein begin to accumulate near the neck region (see
the second graph in the bottom of Figure 6.22), facilitating scission of the pear shaped vesicle.
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Figure 6.22. Protein diffusion and advection due to curvature generation and sensing on a pear shaped
vesicle help scission of the vesicle. Colorbar on the right indicates values of cp on the surface. Numerical time
for each subgraph (from left to right, from top to bottom): 3.95×10�6,2.41×10�5,3.94×10�5,5.51×10�5,
6.19× 10�5,6.25× 10�5, 6.34× 10�5,6.47× 10�5.

6.3.3 Coupling Between Shape Dynamics of Biphasic Vesicle and Protein
Kinetics

In this section, we take a look at how protein dependent bending moduli and spontaneous curvature
will influence shape dynamics of biphasic vesicles. In particular, we will look at how protein
advection affects scission of the biphasic vesicles. The Hamiltonian Hpb is almost the same with
Eq. (6.15) for the biphasic vesicles with the additional assumption that bending moduli κLd(Lo)

and the spontaneous curvatures CLd(Lo) are dependent on density of protein molecules. A linear
model is explored in this section

κLd(cp)=κ0
Ld+κ1

Ldcp,κLo(cp)=κ0
Lo+ k1

Locp, CLd=CLo=C0+C1cp. (6.45)

which will add extra terms to the surface bending force fsu and line forces gbo in Eqs. (6.21,6.22).
The normal speed vsu of the surface, the normal speed vbo of the phase boundary and the advection
velocity vc for c are still computed with Eqs. (6.23,6.24,6.31). The extra tangential velocity vxp for
protein molecules results from Eqs. (6.43,6.44) withHps replaced by Hpb. The tangential advection
velocity for protein molecules is vp=vc+vxp. The dynamics of the whole system includes the level
set equation Eq. (6.29) for φ, the evolution equation Eq. (6.30) of the auxiliary level set function
ψ, mass conservation Eq. (6.32) for c and Eq. (6.39) for cp. Regularization of the level set functions
φ and ψ is handled in the same manner. The entire scheme is the same as the one from section
6.2.1, with additional steps for protein advection.

Inspired by the experiments of [rossman2010influenza], we let a phase separated vesicle bend
under the effects of line tension for a certain steps with constant κLd,κLo, CLd, CLo, then we turn
on dynamics for c and cp by setting setting C1 to be nonzero and adding a constant initial profile
for c and cp. The purpose is to simulate how phase separated vesicle will respond to curvature
generation and sensing of protein molecules. In the first example, at the start, we set κLd= 1,
κLo=5,κl=50,κGLd�κGLo=3.6, CLd=CLo=0, ratio of surface area for the Ld phase be 0.1, pressure
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P = 100. The Lagrange multipliers σ± are determined from conservation of area for each phase.
Note that here we used experimental data from [baumgart2005membrane] to set values for κLd/Lo,
κl,κG

Ld�κLo. We did not prescribe a reduced volume here. Instead, a constant osmotic pressure P is
used, which is due to experimental observation of changes of volume during deformation of biphasic
vesicles [rossman2010influenza]. We let the vesicle deform with those parameters for 200 steps.
The resulting shape is the shown in Figures 6.23 and 6.24 as the starting point for our simulation.
The dynamics in the first 200 steps is very similar to Figure 6.12 and is omitted here. Then we
set cp(S, t=0)=1, c(S, t=0)=1, µ= 1000, CLd=CLo=C0+C1cp and start solving dynamics for
c and cp in addition to that of φ and ψ. For Figure 6.23, we used C0=0, C1=�5 while for Figure
6.24 C0=0,C1=�1. In Figure 6.23, protein molecules are advected to the region of high curvature
and depleted near the neck region. Then as the curvature of the neck region continue to increase
as it is getting narrower, density of protein increases here. Finally, part of the Ld phase (colored in
red) buds off from the mother vesicle. This result is very similar to the two dimensional simulation
of [lowengrub2009phase] but at odds with experimental findings of [rossman2010influenza] where
the Ld phase buds off exactly at the phase boundary. Shape dynamics in Figure 6.24 is very
similar to that in Figure 6.23, except that scission happens at the phase boundary which can be
qualitatively compared with experiments in [rossman2010influenza]. In Figure 6.23, scission of
vesicle is dominated by curvature generation molecules which resembles scission in Figures 6.4 and
6.5. In Figure 6.24, addition of curvature generation molecules help mediate scission through line
tension and the physics is more related to the simulation presented in Figures 6.14,6.15,6.19,6.20.
We also noticed in Figure 6.24, it takes a much longer time before scission happens. This can be
a result of slower advection due to smaller C1.

Figure 6.23. The Ld phase of a biphasic vesicle buds off due to curvature generation molecules. Numerical
time for each frame from left to right: 7.45× 10�3, 8.67× 10�3, 1.01×10�2,1.11× 10�2,1.14× 10�2.

Figure 6.24. Curvature generation molecules help facilitate budding of biphasic vesicles. Numerical time
for each frame from left to right: 7.45× 10�3,5.65× 10�2, 5.71× 10�2, 5.74×10�2,5.74× 10�2.
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The above numerical experiments shows the capability of our numerical scheme. A more
thorough exploration of different models for protein membrane interaction and more detailed
comparison with experimental data will be the topic of future research.
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Chapter 7
Conclusion
In this thesis, we made some efforts towards a comphrehensive understanding of vesicle shape
dynamics. In particular, we calculated variations for a Hamiltonian for lipid bilayer vesicles with
higher order curvature energy from [deserno2015fluid], spatially varying bending coefficients, and a
more general line energy term. The resulting elastic forces can be used in descriptions of more gen-
eral elastic surfaces. We then showed how those invariant forces can be calculated in the cartesian
coordinate within the framework of level set methods. We developed a sixth-order accurate scheme
for Hamilton-Jacobi equations with level set-defined boundary conditions, which allows accurate
simulation of elastic surfaces and can find many applications in other sciecne and engineering
problems. We developed a semi-implicit numerical scheme [smereka2003semi] for the dynamics
of single phase vesicles and explored effects of spontaneous curvature, osmotic pressure and con-
strained reduced area difference on the equilibrium shape of single phase vesicles. We found that
large spontaneous curvatures lead to scission of vesicles and under an osmotic pressure, cylindrically
symmetric vesicles will lose this symmetry and develop complex morphologies. Many of those
intriguing shapes have been observed experimentally. We emphasize here the importance of volume
constrains in the dynamics of closed vesicles.

We then borrowed ideas from [cheng2002motion] to develop a numerical scheme for biphasic
vesicles by representing the phase boundary as a codimension-2 level set in three dimensional space.
This idea is also used in the phase-filed simulation of biphasic vesicles. The level set formulation has
the advantage of representing arbitrary complex models and evolve the system with physical forces
rather than simply time-step the system in a thermodynamically consistent way. For instance,
phase-filed formulation is unable to account for effects of different Gaussian bending moduli of
different phases, while our level set formulation can easily take this difference into account and
include more general forces from Hamiltonians in Eqs. (3.1,3.2). As far as we know, no other
fully three dimensional numerical schemes can take into accounts of all of those effects beyond
the canonical Helfrich model. We implemented two methods to regularize the auxiliary level set
function. When there is no pinching along the phase boundary, we calculate the geodesics to the
phase boundary periodically with the numerical scheme from [zhang2020sixth]. In the presence of
singularities, we borrowed techniques from the distance regularized level set method [li2005level,
li2010distance] to maintain stability of our scheme. We then investigated how prescribed reduced
volume, line tension, spontaneous curvature, ratio of different phases of a biphasic vesicle affects
pinching of bidomain biphasic vesicles. A penalty term is used to impose incompressibility of
the vesicle. Interplay of domain fusion and shape dynamics of multidomain vesicles is presented.
Outward and inward budding of multidomain vesicles under constant osmotic pressure is observed
numerically, which is inspired by experiments from [yanagisawa2008shape].

Finally, a simple numerical model for curvature generation and curvature sensing of molecules
on the membrane is proposed. Numerical experiments are designed and implemented to show how
dependence of bending moduli and spontaneous curvature on protein density redistribute proteins
on regions of different curvatures. Then we combined protein advection and shape dynamics of
single phase vesicles and biphasic vesicle and investigated pinching of pear shaped vesicles and
biphasic vesicles in the presence of protein molecules. It was found that curvature generation and
sensing of protein molecules can facilitate scission of budded regions of the membrane. Two types
of pinching for biphasic vesicles are found. When large curvature are induced by protein molecules,
scission of lipid rafts happens away from the phase boundary. While protein molecules can generate
a relatively small curvature, less sensitive curvature sensing lead to slow advection and longer time
are needed before complete budding of phase separated region. This is a starting point for more
quantitative researches on scission of biphasic vesicles.
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Overall, we developed necessary theoretical tools and numerical schemes to simulate various
shape dynamics of vesicles. Our numerical experiments presented here shows the capability of those
tools, which can be used to answer many other interesting question, for instance, effects of the
difference of Gaussian bending moduli, higher order curvature energy, geodesic torsion and normal
curvature of phase boundaries. Still, more can be done to enhance our methods. A better scheme
to impose incompressibility and to solve conservation law on a curved surface that may undergo
large deformation is needed to have a more accurate dynamics for c and cp. More physical insights
may be gained if the full Navier-Stokes equations are used to compute advection speed. These will
be left for future research.
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